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A MATRIX OF LINEAR FORMS WHICH IS ANNIHILATED BY A VECTOR OF 

INDETERMINATES 

ANDREW R. KUSTIN, CLAUDIA POLINI, AND BERND ULRICH 


Abstract. Let R = k[Ti ,..., Jjf] be a standard graded polynomial ring over the field k and 
‘P be an f X 0 matrix of linear forms from R, where 1 < 0 < f. Assume [Ti • • • rjf] ‘P is 
0 and that grade/g(‘P) is exactly one short of the maximum possible grade. We resolve R — 
R //g ('P), prove that R has a 0 -linear resolution, record explicit formulas for the fi-vector and 
multiplicity of R, and prove that if f — 0 is even, then the ideal /g (‘P) is unmixed. Furthermore, 
if f — 0 is odd, then we identify an explicit generating set for the unmixed part, /g ('P)“"™, of 
/g(‘P), resolve R//g(‘P)“™, and record explicit formulas for the /r-vector of R//g('P)™™. 
(The rings R//g(‘P) and R/Ig (rp)™™ automatically have the same multiplicity.) These results 
have applications to the study of the blow-up algebras associated to linearly presented grade 
three Gorenstein ideals. 
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1. INTRODUCTION. 

It is shown in 01 that, “Determinantal ideals associated to ‘sufficiently general’ matrices 
of linear forms are resilient in the sense that they remain of the ‘expected’ codimension, or 
prime, even modulo a certain number of linear forms.” The cases where the original matrix is 
generic, symmetric generic, catalecticant, or 1 -generic have been particularly well-studied; 
see for example, [|5l [8l [HI [TH j^. We study a family of resilient determinantal ideals of 
matrices of linear forms. The ideals we consider are described by a structure condition and 
a grade condition. Each of these ideals has a linear resolution and defines a ring which is 
Cohen-Macaulay on the punctured spectrum, but is not Cohen-Macaulay. The previously 
studied resilient ideals associated to a matrix of linear forms have all defined rings which are 
Cohen-Macaulay. 

For the time being, let 7? be a Noetherian ring, Ti,..., an 7?-regular sequence, and 'E an 
f X 0 matrix with entries in R, where 2 < g < f. (Throughout most of the paper, g is allowed 
to take the value 1 ; but to simplify the exposition, in the beginning of the introduction, we 
insist that g be at least 2.) Assume that the matrix 'E has two properties. First of all, assume 
that 


[Ti ■■■ rf]'E = 0. 

It is clear from this property that the ideal /g('E) generated by the maximal minors of 'E does 
not have the maximum possible grade, f — g-l- 1. The second property of'E is that grade/g('E) 
is only one short of the maximum possible grade, that is, grade /g('E) = f — g. Fet R be the 
i?-algebra i?//g('E) and let 5 = f — g. 

For each integer £ in the set we construct a complex M^. When £ is either 

I or that is when £ = [|], then is a resolution of R by free i?-modules. Though the 
complex may not be minimal, it can be used to see that the projective dimension of R 
over is f — 1 or f depending on whether 5 is even or odd. We deduce that R is never perfect 
as an 7?-module, but is grade unmixed if 5 is even, indeed depth Rp = d for every associated 
prime p of R. In particular, /^('E) is unmixed whenever 5 is even and R is Cohen-Macaulay. 
Despite the failure of perfection, the resolution specializes, in the sense that S <^r is 
a resolution of Si^rR by free 5-modules whenever 5 is a Noetherian i?-algebra, Ti,..., Tj 
forms an 5-regular sequence, and 6 < grade 5/g('E). 

We can say more if the ring R is non-negatively graded with Rq a field and Ti,..., Tj as 
well as the entries of 'E are linear forms. In this case, the minimal homogeneous free ir¬ 
resolution of R is g-linear. The ring R is not Cohen-Macaulay; so the Betti numbers in the 
minimal resolution of R and the multiplicity of R are not an obvious consequence of the fact 
that the minimal homogeneous free i?-resolution of R is g-linear. Nonetheless, we provide 
explicit formulas for the h-vector and the multiplicity of R; these results do not depend on 
the parity of 5. 
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The multiplicity of R and the unmixedness of play critical roles in [fT^ . where we 
describe explicitly, in terms of generators and relations, the special fiber ring and the Rees 
algebra of linearly presented grade three Gorenstein ideals in polynomial rings of odd Krull 
dimension. 

On the other hand, if 5 is odd, then the ideal is mixed. We identify the grade 

unmixed part, of /g('R) (see (13.141) 1. prove that M^, with £ = is a resolution 

of R//g('R)8“™, and provide explicit formulas for the fi-vector of R//g('R)s™™. (The rings 
R = R//g('R) and R//g('R)s™™ automatically have the same multiplicity.) Ultimately, the 
parameter £ takes the value [I] or [. If £ = [|], then resolves R; and if £ = [, 

Cl c 

then resolves R//g('R)8™™. Of course, if 5 is even, then and are equal as are 

/g('R) and/g('R)g“™. 

Take £ = [|]. The resolution was obtained in stages. First we identified a fairly stan¬ 
dard complex Tot(]B) with Hq (Tot(]B)) = R. The double complex B is a quotient of of a larger 
double complex V: the columns of V are Koszul complexes and the rows of V are trunca¬ 
tions of generalized Eagon-Northcott complexes. Alas, Tot(B) has higher homology. Indeed, 
when 5 is even. Hi (Tot(B)) 0. A long look at Hi (Tot(B)) told us that this homology came 
from Pfaffians. Macaulay2 experimentation lead us to a complex Tot(T^) whose homology 
is equal to Hi<(Tot(B)). Curiously, is also a quotient of V. We became convinced that 
there exists a map of complexes 

Tot(T‘') 

Tot(B) 

which induces an isomorphism on all of the higher homology. Eventually, we were able 
to record a formula for The mapping cone, L^, of is an infinite resolution of R. The 
resolution is a finite subcomplex of of the proper length which has the same homology 
as L*^. 

After we had found the resolution of R, and realized that /g('R) is mixed when 5 is 
odd, we looked for the generators of/g('R)8™™//g('R). In this search, we were inspired by the 
work of Mark Johnson ifT^ and Susan Morey in the case f = g -f-1. We illustrate our an¬ 
swer in the context of the motivating situation from [|T^ . Let Rq be a field, Ri be the polyno¬ 
mial ring Rq [T’l, ■ • •, 7f], and R be the bi-graded polynomial ring R = Rq i, • • •, 3fg, Ti,..., Tf] 
where each Xi has bi-degree (1,0) and each Ti has bi-degree (0,1). Let (|) be an f x f alter¬ 
nating matrix with bi-homogeneous entries of degree (1,0) and 'R be an f x g matrix with 
bi-homogeneous entries of degree (0,1). Assume that f-fg is odd and 



Tr 
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= VR 
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Consider the (f+ 0 ) x (f + 0 ) alternating matrix 


Let 5; be (—1)'^^ times the Pfaffian of B with row and eolumn i removed. View as a 
polynomial in [Xi,... jXg] and let C = cr^ (Bf+g) be the eontent of 5f+g. It follows that C 
is a homogeneous ideal in ..., generated by forms of degree g — 1. At this 

point, we use elementary techniques to show that 

(1.0.1) c+4('P)c/g(vp):(ri,...,r,). 

In this paper we prove that if 5 < grade/g('P), then the ideals 

C + /,m. /,('P):(7-,,....7-|r. and /,(>P)8""” 

of Ri all are equal. These facts are used in ifT^ where we describe explicitly, in terms of 
generators and relations, the special fiber ring and the Rees algebra of linearly presented 
grade three Gorenstein ideals in polynomial rings of even Krull dimension. 

To prove (II.0.11) . first observe first that the column vector 

[r, ... r, -X, ... -x,]‘ 

is in the null space of 5; then use lower order Pfaffians of B to see that for each index i, with 
1 < i < f, the row vector 

[0,...,0,R,+g,0,...,0,-fi,], 

with Bf+g in position i, is in the row space of B. It follows that Bf+gTf + BfXg = 0 for 1 < i < f. 
The definition of Bf shows that 5,- is in the ideal 4('P); hence 7)Rf+g G Ig{^) and 

TiCR,{B,+,)=cn,{TiB,+,)CI,{V). 

This completes the proof of (II.0.11) . 

The generating set for Ig ('p)g™m^ throughout most of the paper is almost 

coordinate-free; consequently, at first glance, it looks much different than “the content of 
Bf+g”; however the generating set that we use has the advantage that only small modifications 
of the resolution of R produces the resolution of R//g('P)8™™. We return to a 

coordinate-dependent matrix version of the results in Section [8l 

There are precedents for the resolution of yg™™ to be obtained from the resolution of J 
using only small modifications: the modules are changed slightly, the maps are changed 
slightly, but the form of the resolution is not really altered. Recall, for example, the type 
two almost complete intersection ideals and the deviation two Gorenstein ideals of Huneke- 
Ulrich im . The Gorenstein ideals are the unmixed part of ideals which have the same form 
as the almost complete intersection ideals. Furthermore, the resolutions of the Gorenstein 
ideals and the almost complete intersections have the same form; see lfT3l[T4l[T5]l . Indeed, 
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these ideals are the ease g = 1 of the ideals and whieh are resolved in the 

present paper. 

The main results of the paper, Theorems 12.51 and I2.7[ are stated in Section |2l Section |3] 
consists of conventions, notation, and preliminary results. The maps and modules of M^, 
all of the numerical information about M^, and examples of are given in Section HI The 
double complexes B, T^, and V are introduced in Section [5l where we also compute the 
homology of Tot(B) and Tot(T^). The final piece of the puzzle, is defined in Section!^ 
The proofs of Theorem [23] and part (10) of Theorem [277] appear near the end of Section[0 The 
Hilbert series part of Theorem l2.7l assertion da]), is established in Section|71 In Section[0we 
return to the situation of blowup algebras and organize our conclusions in the exact language 
of [HU. We also give the complete proof that equality holds in (11.0. II) . 


2. Main results. 


The word “matrix” does not appear in the official data of the paper (Data 12. II) . We explain 
the transition. Each column of 'E, from Section [H is annihilated by the row vector 



It follows that each column of 'E is equal to 


Fi1 


an alternating matrix times 




In order to understand 'E one must consider the g relevant alternating matrices. We deal 
with Pfaffian identities involving multiple alternating matrices by making use of the divided 
power structure on the subalgebra 0„ /\^"E of an exterior algebra /\* F. In other words, we 
work with an 7?-module homomorphism /j: G* ^ /\^F, where G and F are free i?-module 
of rank g and f, respectively. (Notice that if one picks bases for G* and F, then /j selects g 
alternating matrices, one for each column of 'E.) 

If 'E only has one column, then the situation has been studied extensively; see, for example 
[l9l HSl 1211 [Ml [T5l. Curiously, many of the ideas involved in the present project are already 
present in the case where 'E only has one column. 

Every construction in sections [2] through [7] is built using Data l2.1l or Data 12.31 (We return 
to a coordinate-dependent matrix version of the results in Section [0) The interesting results 
are established after we impose the hypotheses of l2.2l 


Data 2.1. Eet be a commutative Noetherian ring, F and G be free i?-modules of rank f and 
g, respectively, with 1 < g < f, x be an element of F*, and /u : G* ^ F he an i?-module 
homomorphism. Define 'E : G* —?■ E by 'E(y) = x(^(y)) for y in G*. Eet 5 represent f — g, £ 
represent an integer with [^1<£< (|], and R be the E-algebra E//g ('E). 
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Hypotheses 2.2. Adopt Data 12.1[ Assume that 

(a) 6 < grade/ 0 ('P), (this bound is one less than the maximal possible grade for /g('P)), and 

(b) f < grade/i(x). 

Data 12.31 is more complieated than Data 12.1[ is meaningful only when 6 is odd, and per- 


8-1 

2 ■ 


tains only to the generating set for and the first differential in when £ 


(Reeall that is the grade unmixed part of see 13. 141 for more details.) It is 

possible to ignore Data 12.31 and still read most of the paper. The data of 12. II is coordinate- 
free; however the data of 12.31 is not completely coordinate-free; it requires that one pair of 
dual basis elements (TijAi), in G x G* be distinguished. The ideal € of R, as described in 
Data 12.31 does not depend on the choice of (yi,Xi). (See the discussion surrounding (II.0.11) 
for a completely different description of /g('R) 8 ™™//g('T) in a special case; but do notice that 
in (11.0. II) one column of 'R is treated in a distinguished manner and any other column of 'R 
would work just as well.) 

Data 2.3. Adopt Data 12.11 

(a) Assume 5 odd. Decompose G and G* as 


G = RYi®G+ and G*=RXi®G+* 


(2.3.1) 


with yi(Xi) = 1, yi(G+*) = 0, and G+(Ai) = 0, where Yi e G, Xi e G\ G+ and G+* are 
free submodules of G and G*, respectively, of rank 0 — 1. Define an i?-module (integration) 
homomorphism : DiG* —)■ Dj+iG* by way of the decomposition (12.3.11) : that is. 



with G A_j(G+*). Notice that 


(2.3.2) 

Define 


YiUxJi)=y^ forallY,GA(G*). 


(2.3.3) 


c:D^{G*)^/\^F^/\^G 


to be the R-module homomorphism 


(2.3.4) c(y^) = [D(ai)] (4 ) A ((Wg+O (Og+ A ki. 


(b) Define £ to be the following ideal of R 


(2.3.5) 



ann^(cokerc) if 5 is odd 
0 if 5 is even 


and define R = R/ (/g('y) -f £). 


Remarks 2.4. (a) The homomorphism c of (12.3.31) and is defined only when 5 is odd. 
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(b) If 5 is odd, then the target of c is a free i?-module of rank one; so our definition of £ is a 
coordinate-free way of saying that € is “the image of c”. 

(c) We show in (16.2.21) that € C : /i(x). 

(d) Some hints about why the generators for/g('P)®™™//g('P) as calculated in (II.0.11) are the 
same as the generators of € are given in (14.4.1 II) and (14.4.121) . A complete proof may be 
found in Theorem 18. 3 lal 

Theorems 12.51 and [277] are the main results of the paper. The short version of these theorems 
is that we resolve 7?//g('P) and where is the grade unmixed part of 

the ideal (see, for example. 13.141) . and we record the Hilbert series, multiplicity, and 
fi-vectors of these rings. 

Theorem 2.5. Adopt Data \2.l\ and \23\ The following statements hold. 

(a) The maps and modules ofMf, given in Definition \4.1\ form a complex. 

Assume that Hvpotheses \2.2\ are in effect for the rest of the statements. 

(b) Ifz = [f], then the complex is a resolution ofR by free R-modules. 

(c) Ife = [ then the complex is a resolution ofR by free R-modules. 

Assume that f (x) is a proper ideal of R for the rest of the statements. 

(d) The projective dimension of the R-module R is equal to 



f — 1, if his even, and 
f, ifh is odd, 


and the projective dimension of the R-module R is equal to 


f—1, if his even, 
f — 2, ifh is odd, 3 < 5, and 2 < g, 
f — 1 , ifh is odd, 0 = 1 , and grade/g('P) < 5, and 
1, ifh = 1 and 2 < g. 


(e) Ifh is even, then depthi?p = hfor every p G Ass^(i?). 

(f) Assume that one of the following three hypotheses is in effect: 

(i) 5 is even, or 

(ii) 5 is odd and 2 <g, or 

(iii) 5 is odd, 0 = 1 , and grade /g('P) < 5 . 

Then depth7?p = hfor every p G As?,r(R). 

(g) If one of the three hypotheses o/dl) is in effect, then the ideals 

ff + ZgCP), 4m:/i(x), 4Ci'):/i(T)", and 

of R are equal; and in particular, R = 
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(h) If one of the three hypotheses of ® is in effeet and £ = [, then the eomplex is a 
resolution of by free i?-modules. 

Remark 2.6. We eomment on Hypothesis I2.5lfiiil We note that if g = 1 and 5 is odd, then it 
is possible for Ig ('P) to have grade 6 + 1 ; for example if 


- 0 


Tf 

-If 0 



Li J 


Tf. 


In this situation, R is not of any interest. A eomplete eharaeterization of this situation is 
given in Observation 16.81 


if£ = ^, 
if£ = |, 

8_i 
2 ■ 


Theorem l2. 71 gives the Hilbert series of three families of rings beeause Theorem l2.5l shows 
that 

{ 7?//g('P) in the ease that / 0 ('I^) is not a grade unmixed ideal, 

R/Ig{^) in the ease that / 0 ('I^) is a grade unmixed ideal, 

in the ease that /g('I^) is not a grade unmixed ideal, if £ = 

Theorem 2.7. Adopt Data M.W and M.lA Assume that Hypotheses [ZH are in effect, that R is 
a non-negatively graded ring, and that x : 7?( —l)f —)■ R and /r : 7?® —)■ R^'^ are homogeneous 
{degree preserving) R-module homomorphisms. Then the following statements also hold. 

(a) Assume that 2 < q, or else, that g = 1 and f is odd. Then the Hilbert series o/Ho(M^) is 
equal to 

HSho(M*:)('^) = HSi;(5) ■HNho(M*:)('^) 

/or HNho(m*=)(^) = (1 ■hnH„(M/(^) and 


hnHo(ME)('^) 




^ (^_l)8+Wg+7/1^^2;+20-f 

7<e-l ^ 

-e 




fl-2 

= <! + ! 

0 — 2 

+ L 

= < -x(e = V)C^e ^ 

+t'’E G-2.v2;)rr‘)^ 

-e=0 7^^—^ 


r2g-3, l/£=^, 

q{Q, f) = < 2g - 2, i/£ = |, and 

[2g-l, i/£=^. 


where 
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In particular, ifR is a standard graded polynomial ring ofKrull dimension dimT? over a 
field, then 

(i) 


HSh„(m‘=)('^) 


(^1 _^^dimR-f+0’ 


(ii) the h-vector of is 




with 








r'-r‘)-x(e 


ti) (•«-'). 


£ (-l)'+«+i 
.7<e-l 


£—2s+f—2j 


,)rr‘). 


if0<i<g-2, 
if£ = 5 — 1 , and 
if9<£< 


and 

(iii) the multiplicity of WviiMf) is 


L5/2J /r_2_2/ 

e(Ho(M‘^)) = hnH,)(ME)(l) = ^ 5-2z 

which is equal to 

the number of monomials of even degree at most din q— 1 variables, ifh is even, or 
the number of monomials of odd degree at most din g — \ variables, ifd is odd. 


(b) IfR is a standard graded polynomial ring over a field, then the minimal resolution ofR 
by free R-modules is g-linear. 


Remarks 2.8. (a) In item dlD of Theorem |2.Vi we use the notation of IfT^ 5.4.1] to denote 
the Hilbert series HShq(me)('^)> the numerator of the Hilbert series HNhq(me)('^)> the sim¬ 
plified Hilbert numerator hnHo(ME)('5'), and the /z-vector hv(Ho(M^)), of Ho(M^). We 
gave two formulations for the simplified Hilbert numerator hnH,)(M*:)('^)- one yields the 
/z-vector hv(Ho(M^)) quickly and the other yields the multiplicity e(Ho(M^)) quickly. 
Recall that the Hilbert series of a Noetherian graded ring S = 0o<,5',, (with 5o an Ar- 
tinian local ring) is the formal power series 

ms{z) = i.M{Si)z\ 

where Xs,)(_) represents the length of an 5o-module, and the multiplicity of S is 

e(5) = (dim5)!lim , 

where m is the maximal homogeneous ideal of S and “dim” represents Krull dimension. 
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(b) If 

(2.8.1) 0 = 1 and f is even, 


then the correct statement which is analogous to (HI) of Theorem 12. 7 1 is 


HN^(5) = (1 — and hn^(5) = 1. 

Indeed, the form for as given in dH), continues to be correct, even in the presence 

of the hypotheses (12.8.11) : however, in the presence of (12.8.11) . 


H%(5) 

(l-5)f~0 


1-5; 


consequently, it is not appropriate to call the quotient hn^(5). See Remark for more 
details. 

On the other hand, when the hypothesis of (12.8.11) are in effect, then there is no mean¬ 
ingful statement about HNhq(m*=)('^)> with £ = which is analogous to (HD of Theo- 
rem 12.71 In this situation, = (/g('T),a) for some homogeneous element a in 

R of degree 0; see, for example. Example I4.4| g| Thus, the Hilbert series of Ho(M^), 
computed using this grading, is the same as the Hilbert series of 0. 

(c) Assertion I2.7lbl is not true, in general, for R//(,('E)8™™, when be¬ 
cause, for example, in general, has generators of different degrees. See Ex¬ 

ample |431c] or Example 14. 4ldl 


3. Conventions, notation, and preliminary results. 
Data l2.1l and l2.3l are in effect throughout this section. 

3.1. Unless otherwise noted, all functors will be functors of R-modules; that is, ( 8 ), Horn, 
(_)*> Sym^, Dj, /\‘, and : mean (g)^, Horn/;, Hom^(_,R), Symf, Df, /\)j, and :r respectively. 

3.2. If I and J are ideals in a ring R, then the saturation of 7 by 7 in R is 

00 

J : 7 : 7" = {r G 7? I r/” C 7 for some n}. 

n=l 

3 . 3 . We denote the total complex of the double complex X by Tot(A). 

3.4. If z is a cycle in a complex, then we denote the corresponding element of homology by 

W- 

3.5. If 5 is odd, then the decomposition of (12.3.11) is used in the description of c from (12.3.31) 
and the description of £ from (I2.3.5D : otherwise, our complexes are described in a coordinate- 
free manner. We make much use of the divided power structures on the algebras D,(G*) and 
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/\*F; in particular, the F-module homomorphism /r : G* —)■ f\^F automatically induces a 
homomorphism 

of divided power algebras and the composition 


D.(G* 






inclusion 




which we also denote by D{fS), is used extensively in our calculations. 

Let Li,..., Lg be a basis for G and ,..., Xg be the corresponding dual basis for G*. 

/Y\ 

(3.5.1) Let I . 1 represent the set of monomials of degree / in Li,..., Lg. 

If m = • ■ ■ Yg^ is in , then let m* represent the element of Di(G*). Ob¬ 

serve that {m* I m G (^)} is the basis for Di{G*) which is dual to the basis (^) of Sym^ G. 
Consider the evaluation map ev : Sym^ G(8)D, (G*) —)■ R and let 

ev* : R —)■ Di{G*) C) Sym, G 


be the dual of ev. Both of these F-module homomorphisms are completely independent of 
coordinates; and therefore the element 

ev*(l) = ^ m*(g)m G D,-(G*)0Sym,-G 

is completely independent of coordinates; this element will also be used extensively in our 
calculations. 


3.6. In a similar manner, if (Og* is a basis for /\®(G*) and &g is the corresponding dual basis 
for /\® G, then the element odc* <8 (Og is a canonical element of /\®(G*) 0 /\® G. This element 
is also used in our calculations. 

3.7. We recall some of the properties of the divided power structure on the subalgebra /\^* F 
of the exterior algebra /\* F. Suppose that ei,..., is a basis for the free F-module F and 

/t = ^ Fei2 

l<il <l2<f 

is an element of /\ F, for some i’^ F. Let A be the f x f alternating matrix with 

{ aij: if i < j, 

0, if i = j, and 
-Uij, if j < i. 

For each positive integer i, the f-th divided power of /2 is 

/f = l,A,e, e A“T 
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where the 2£-tuple / = (z i,..., 12 ^) roams over all inereasing sequenees of integers with 1 < z 1 
and i 2 t < f, c/ = pzi A ■ ■ ■ A ei^, and A/ is the Pfaffian of the submatrix of A whieh eonsists 
of rows and eolumns {z’l,.. • , 12 ^}, in the given order. Furthermore, /\^*F is a DGF-module 
over /\*F*. In partieular, if x G F* and vi,..., are homogeneous elements of f\^*F, then 


ih) 


,(A 


X I V, A • • • A v,9 ) = > . x(vy) A Vj A • • • A V ; 


(A) 


;=i 




A ■ • • A Vj 


For more details see, for example, |l6l Appendix A2.4] or jSl Appendix and Seet. 2]. 


3.8. If I and J are integers, then Vij, Vjj and Vfj all represent the free F-module 


Of eourse the rank oiV*j is (|) for any choice of •; that is • might be T, B, or empty. 

3.9. We always use /, for an arbitrary element of F and yj for an arbitrary element of 
Dj(G-). 


3.10. The notation 


0 

e<J 

I+J<6-1 


means 


3.11. If 5 is a statement then 


X(^) 


0 

{(7,7) |£<7and/ + 7<5-I}. 

f I, if 5 is true, 

[ 0 , if 5 is false. 


3.12. If M is a matrix (or a homomorphism of free 7?-modules), then Ir{M) is the ideal 
generated by the r x r minors of M (or any matrix representation of M). We denote the 
transpose of a matrix M by 


3.13. The grade of a proper ideal 7 in a Noetherian ring R is the length of a maximal 7?-regular 
sequence in 7. The unit ideal 7? of 7? is regarded as an ideal of infinite grade. 

3.14. Let 7 be a proper ideal in a Noetherian ring R. The ideal 7 is grade unmixed if grade p = 
grade7 for all associated prime ideals p of 7?/7. The grade unmixed part of 7 is the ideal 7g“™ 
which satisfies either of the following two equivalent conditions: 

(a) 78 ™™ is the smallest ideal K with I FK, graded = grade7, and K is grade unmixed, or 

(b) 7®™™ is the largest ideal K with I FK and grade7 < grade(7 : K). 

Furthermore, if K is any grade unmixed ideal of R with I F K and 

graded = grade7 < grade(7 : F), 

then K = /g“™. In particular, if 7 = DiQi is a primary decomposition of 7, with each Qj a 
p,-primary ideal of R, then /g™™ is the intersection of the primary components Qi of 7 which 
correspond to prime ideals p/ with grade p; = grade7. 
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Of course, if R is Cohen-Macaulay, then is the usual unmixed part of I. 

We recall that if 7 C p are ideals with p prime, then 

grade/ < gradep < depth7?p; 

eonsequently, if depth7?p = grade / for all p G Ass j, then I is automatieally grade unmixed. 
Proof of the assertions in 13.141 If Ki and Kj are ideals whieh both satisfy 

grade/ < grade(/ : Ki), 

then grade/ < grade(/: (/Ti +^ 2 )); henee the hypothesis that/? is Noetherian guarantees that 
an ideal K whieh satisfies (10) exists. Fix this K. We show that K also has the property of (tH). 

Let X be a maximal /?-regular sequenee in /. All of the ealeulations may be made in /?/(x). 
So no harm is done if we prove the statement when grade / = 0. 

We first show K is grade unmixed of grade 0. Use the primary decomposition of K to 
write K=A\ nA 2 , where every associated prime ideal of has grade 0, and, either A 2 = R, 
or A 2 is a proper ideal and every assoeiated prime ideal of j- has positive grade. Observe 
that 

{I:K)AiA2<^{I:K)K(ZI- 

henee, {I\K)A 2 ^ {I\A\). Observe that (/:/r)A 2 has positive grade. It follows that ^CAi 
and 0 < grade(/ : Ai). The defining property of K now guarantees that K = A\ and therefore, 
K is grade unmixed. 

Now we show that K has property (HD. We have already shown that K has grade 0 and is 
grade unmixed. We prove that K is the smallest sueh ideal. Let J be any grade unmixed ideal 
of R with / C J and grade / = 0. We prove that /T C 7. It suffices to show Kp C 7p for all p in 
Ass(y). Let p be in Ass(y). The hypotheses on J guarantees that gradep = 0 and therefore, 
{I '■ K) ^ p. On the other hand, (/ : K)K ^ I ^J; hence, 

Kp = {I: K)pKp C /p C /p. 

With respect to the “furthermore” assertion, /g™™ C /T by (HD beeause K is grade unmixed 
and K C /g™™ by 10) beeause grade/ < grade(/ : K). The assertion about primary deeompo- 
sition is now obvious. □ 

3.15. Let pd^(M) represent the projeetive dimension of an /?-module M. 

3.16. Let / be a proper ideal in a Noetherian ring R. Sinee one ean eompute Ext^(/?//,/?) 
from a projeetive resolution of/?//, one obviously has 

(3.16.1) grade/< pd^/?//; 

if equality holds, then / is ealled a perfect ideal. Reeall, for example, that if / is a proper 
homogeneous ideal in a polynomial ring R over a field, then / is a perfect ideal if and only 
if /?// is a Cohen-Macaulay ring. (This is not the full story. For more information, see, for 
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example, ^ Prop. 16.19] or |[I1 Thm. 2.1.5].) A perfect ideal I of grade g is a Gorenstein 
ideal if Ext|(i?//,i?) is a cyclic R-module. 

Lemma 3.17. Adopt the notation c>f l3.5l If A and B are non-negative integers and T is an 
element of Db{G*), then 


mG 


A, 

(*i) vfA 


Proof It suffices to prove the result for F = where each bi is a nonnegative 

integer and = B. Let m = 7“' ■■■Ygf where each at is a non-negative integer and 
Y^iOi =A. Observe that 


because ■X^^‘ 


m* ■ m(r) = 

fbi, 


r, 


= (yJ^X^'’. (The most recent equation holds for all non-negative 
integers at and bi.) At this point, we have shown that 

bf 


^ m* ■ m(r) = 


On the other hand, 
(3.17.1) 


fli- 


■+a,=A 


-—A ^ ^ 


bi 


r. 


Indeed the left of (13.17.11) is the coefficient of ^ in the left side of the polynomial 
(3.17.2) (^ + 3 ;)fei...(^ + ^)^ = (^ + ^)fi, 

and the right side of (13.17.11) is the coefficient of in the right side of (13.17.21) . □ 

4. The maps and modules of M^. 

The object is the focal point of this paper. We introduce the maps and modules of 
in Definition l4.lt all of the numerical information about is contained in Remarks l4.21 and 
some examples of are given in Examples 14.31 and 14.4[ We prove in Remark 16.41 that 
is a complex and in Lemma [6^ that is a resolution when Hypotheses 12.21 are in effect. 
Ultimately, is a subcomplex of L^, is the mapping cone of 

Tot(T‘') 

Tot(]B), 

and and B are quotient sub-double complexes of the double complex V. We use L^, T^, B, 
and V to prove Lemma [6^ however, is the object of interest in this paper; and therefore, 
we introduce it, in complete detail, first. 
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The conventions and notation of Section [3] are used throughout this section; in particular, 
the modules V*j are defined in l3.8l the symbols X^, Yg and (^) are defined in l3.5[ the notation 

© 

E<y 

/+y<8-i 

is explained in l3.10[ the function % is explained in l3.11[ and the bases (Dg* , Wg explained 
in l3.6[ As one reads Definition 14.11 it might be helpful to simultaneously follow Example l4.3l 
where we record M^, all of its constituent pieces, and all of its forms, when ( 0 ,f) = (3,9) 
and £ = |. 


Definition 4.1. Adopt Data l2.ll and l2.3l The maps and modules are described as follows: 
(a) As a graded i?-module 


= ( 0 lU)®(0T“)®(A'F0A'g), 


e<y 

/+7<5-l 


/<8-l 


with 


(i) V/j in position 7 + 27 — 5 + 2, 

(ii) Vf'j in position z + 2_/ — 5 + 1, and 

(iii) {/\'F ^ /\® G) in position 0. 

(b) The 7?-module homomorphisms of are described below. 

(i) If 7 + 27 —5 + 2 = A, 2 < A, 0 < 7, £ < 7, and 7 + 7 <5—1, then V/y is a summand 
of and 

x(e<y-l) £'l^(^£)A//®TKyy)ey4'iy_iCMVi 

£=l 

+x(//) e i^y G M^yv_i 

e A®, c MVl- 


d{fimj^y7!j) = { 


?+2 7 — 

8<i+; 


(ii) If z + 27 —5+1 = A, 2 < A, 5 < z + 7, 0 < i,j, and y < £— 1, then is a summand 
of and 

[ +x(8 < i + j-m/i) mj e +1J C MV-l. 

(iii) The 7?-module homomorphism 

(4.1.1) = yg®o © x(£ = V-)^o!'e ^M% = {/\^F®/\^ G) 

is 


dih e y5®o) = /5 A (A^'l^)(a)G*) ® «G, 
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and, if £ = then 


(4.1.2) 


= c(Ye) for c as defined in (12.3.31) . 


Remarks 4.2. (a) If 5 = 1 and £ = then does not have any non-zero summands 
of the form V-®. Otherwise, the module Vj,®_j is a non-zero summand of Mg+ 2 e-i’ 
furthermore, if g-f 2£ — 1 <N, then M^yv does not eontain any non-zero summands of 
the form V,®.-. The value of g -1- 2£ — 1 is 

hj 

'f-2, if£=V’ 

f — 1 , if £ = |, and 
f, if£=^. 

(b) If 6 = 1 and £ = then does not have any non-zero summands of the form V/J. 
Otherwise, Vjg ^ is a non-zero summand of M^s; furthermore, if 54-1 < N, then M^yy 

'tpE 

does not eontain any non-zero summands of the form Vu. 

(e) The largest index N with M^yy 7 ^ 0 is 

fl, if£=^ 

6-1 
2 

5 ' 


(4.2.1) 




if £ = and 5=1, 
f — 1, if £ = ^ and 1 = g, 

= < f — 2, if £ = 2 < 5, and 2 < g. 


f — 1, if £ = |, and 

T, if£=%i; 

furthermore, if A^ax is the parameter of (14.2.11) . then is equal to 




rjpE 


0 , 8 - 1 ’ 


if £ = and 1 = g 
or £ = and 1 = 5, 


X(® = V')5((2 = ©%(e = §)%(! = fl)Vo^ 5 _i ©l^“e_i, otherwise. 


/T 


T 


(d) As noted in (10), does not have any non-zero summands of the form V/J if 5 = 1 and 


£ = ^4^. Otherwise, the module Vifp is a non-zero summand of M^yy„ for 




0,e 


No 


(4.2.2) 


1, if£=V’ 

Aq = 2£ — 5 -f 2 = ■^ 2, if £ = |, and 

3, if £ = and 2 < 5; 


furthermore, if A < Aq, then M^yy does not eontain any non-zero summands of the form 

w,y- 


(e) If i? is a bi-graded ring and 

x:7?(-l,0)f and : i?(0,-1)® ^^^( 2 ) 
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are bi-homogeneous i?-module homomorphisms, then the maps and modules of are 
bi-homogeneous with 

Vj} ~ i?(f - 2fl - 7 - 27, -fl - , 

y®. ^ 7?(f - 20 - / - 2y, -0 - , and 

~7?. 


Indeed, under the given hypotheses, 

'P :7?(-l,-l)0->7?f and D(^) : 7?(0,^7?(v) 


are also bi-homogeneous 7?-module homomorphisms. 

(f) The hypotheses of (gD are in effect in the generic case where 


7? = 7?o[ri,...,A,{A,j_^ I 1 </< j<fand 1 <^< 0 }], 


deg 7 ; = (l,0),degA,j,^ 


( 0 , 1 ), x(e,) = Ti, for 1 < / < f, and 




for 1 <k<Q, with ,..., a basis for F and X\^... a basis for G*. 

(g) If 7? is a graded ring and x : 7?(—I)^ —)■ R and /r : 7?® —are homogeneous 7?-module 
homomorphisms, then the maps and modules of are homogeneous with 


— 


R 

7?( -0 + 2 - TV) -0 -fl - TV) 


ifAT = 0 

if 1 < TV < TVmax7 as given in (14.2.11) , 


where 


(4.2.3) Ptv = 52 = 52 

7+27-5+2=^ /+2j-5+l=iV 

e</ 7<e-l 

/+7<5—1 S</+j 

for 1 < TV < TVmax- 

(h) The hypotheses of (jgj) are in effect in the special case where R is the polynomial ring 

7? = 7?o[Ti,..., A], 


deg A = 1 , dega,©-,A: = 0 , x(e,) = Ti, for 1 < z < f, and 

/^(^A) = ^ Fe j, 

for 1 < < 0 , with ei,..., gf a basis for F, and Xi,...,Xg a basis for G*, and OLij^k ^ Ro¬ 
il) If £ is equal to | or is a resolution, and the hypotheses of dh]) are in effect with 

7?o a field, then there is a quasi-isomorphism from to the 0 -linear minimal resolution 

0 ^ 7?(-0 -TVmax + 1)^^— ^ ^ 7?(-0 - 1)^2 ^ i?(-g)^i ^ i?, 




18 


ANDREW R. KUSTIN, CLAUDIA POLINI, AND BERND ULRICH 


with for |3jv and (3^ as defined in (I4.2.3I) . (This remark is a eonsequenee 

of three faets. First of all, the generators of M^i all have degree g; seeondly, every 
homogeneous i?-module homomorphism 

R{—a) R{—a — 1) 

is necessarily zero; and thirdly, the image of a homogeneous i?-module homomorphism 
R{—a)^ — R{—a)^ is a free summand of the target.) 

However, the analogous statement is not true when £ = . See Examples I4.4lc] and 

KM 

(j) In Definition I4.1lbi[ it is not necessary to impose the condition y < £ — 1 in the 1/®- 
component of because, if the expression 

(4.2.4) Y. E lD(/-)](m')A/,®m(yy)6V;.« 

is non-zero, then the inequality y < £ — 1 is automatically satisfied. Indeed, if (14.2.41) 
is non-zero, then j < J. However j can not equal J; because, if j = J, then i = I and 
<5—1; which is impossible. Thus, 0 < 7 — y — 1. On the other hand, 
the binomial coefficient is not zero; soO<y — £<7—1— y, and y < £ — 1, as 

claimed. (This remark, which looks technical, is actually the proof of the assertion that 
is a subcomplex of L^; see Remark [6!^ 1 

Example 4.3. Let (g, f) = (3, 9) . The parameter 5 (which equals f — g) is even, and therefore 
the constraint [ 5 ] forces £ to equal f = 3. In this example, we record M^, all 

of its constituent pieces, and all of its forms. Definition 14. Hal savs that 

M'= 0 v,5® 0 

iI4XT]i (imi 

with 

(4.3.1) (/,7)g{(/,3) |0</<2}U{(/,4)|0</<1}U{(0,5)} 


(4.3.2) (ij) e{{i,0) I 6</<9}U {(/,!) | 5 < / < 9} U {(/, 2) | 4 < / < 9}. 


It is useful to consider the double complexes of Table [4.3.11 (The double complexes and 
B are officially introduced in Definition 15.11 the complex Tot fj4.3.3D is a shift (see (16.2.31) 1 of 
a subcomplex of Tot(T^) and the complex Tot (l4.3.4p is a subcomplex of Tot(B).) It is shown 
in Lemma [6!2] that there is a map of complexes ^ from a shift of Tot fl4.3.3p to Tot (]4.3.4p . 
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(4.3.3) 


v; 


0,5 


'F 






'F 


L4 

T 


0,4 


V. 




2.3 

T 


TpE >F 






1,3 

X 






0,3 


and 


(4.3.4) 




9,2 

T 


t/B *1* ^ t/B 

*^8,2 *^9.1 


t/B 'P. t/B 'P . t/B 
*'^ 7,2 *'^ 8,1 *'^ 9,0 


t/B 'P. t/B 'P . t/B 
%2 '^7,1 *^8,0 


t/B 'P. t/B 'P _ t/B 
''^5,2 ^6.1 *'^7,0 


t/B *1* , t/B *1* , t/B 

M,2 '^ 5,1 ''^ 6,0 


A^'F 


A G. 


Table 4.3.1. Double complexes which are used in the construction of the 
first version (14.3.51) of in Example 14. 3 1 


with ^(V(73) ^ V^O’ mapping cone of As a graded module, is 






0,4 


yT*= yT^ 
'^0,5 '^1,4 *^2,3 






1.3 


Vr 


0,3 




4,2 


(4.3.5) 0^y9“2^V82^^72^^62^^52^ ® ^ ^5 1 ^ ^6 0 ^ ® A G, 




t/B t/B t/B 

’'^9,1 ’'^8,1 '^7,1 


6,1 


y 


7,0 


y 


y 


8,0 


9,0 
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7 ?(- 7 ,- 8)21 - 7)135 

0 0 

0 ^ i?(-10,-5)^ ^ i?(-9,-5)34 ^ i?(-8,-5)216 ^ 7?(-7,-5)304 

0 0 

7?(-8,-4)3 i?(_7,_4)27 


^(-5,-7)13 

0 i?(-4,-6)‘io 

7?(-5,-6)360 ^ 7?(_3^_6)io 

0 7?(-5,-5)256 © 

-5)256^ © ^ -4)378 

0 i?(-5,-4)252 © 

7?(-6, -4)108 © i?(-4,-3)36 

0 i?(-5,-3)9 

i?(-6,-3)i 


Table 4.3.2. The complex from Example 14.31 when the data is bi- 
homogeneous, as described in Remark l472lel 


with /\^i7 0 /\3 G in position zero. (One can use the formulas given in Definition 14. 1 tal to 
calculate the position of each summand V'fj and V® of M^; however, if the double com¬ 
plexes (14.3.31) and (14.3.41) are available, then it is easy to read the position of each sum¬ 
mand of from the mapping cone construction.) If the data is bi-homogeneous, as de¬ 
scribed in Remark I4.2lel then is given in Table 14.3.21 The rank of V*j is given in 
13.81 The bi-homogeneous twists in are given in Remark I4.2tel or may be read from 
the double complexes (14.3.31) and (14.3.41) as soon as one knows that /\^F ® /\^ G = R and 
yjig = R(—3, —6)16. hypotheses of Remark 14 .2 | g| are in effect, then is 

R(-7)21 R(-6)135 R(-5)325 

0-lR(-10)6^R(-9)34^ © ^ © ^ © 


R(-8)219 


R(-7)331 


R(-6)865 


^(-4)60 R(-3)16 

^0^0 ^R(-3)*4^^_ 

R(-5)1612 R(-4)414 

If the hypotheses of Remark |4. 2 111 are in effect, then is quasi-isomorphic to 

0 -L R(-10)6 ^ R(-9)34 -> R(-8)219 ^ 7?(-7)316 -> R(-6)230 
(4.3.6) ^ R(-5)642 ^ i?(-4)324 ^ 7?(-3)24 ^ R. 

Examples 4.4. These examples are presented more quickly than Example 14.31 
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(a) Let (g, f) = (2,6) and £ = | = 2. The modules of are 


'^1,2 *^0,2 




0,3 




y 


5,1 


yJB yJB 

*^6,0 *^5,0 


If the hypotheses of Remark l43tel are in effect, then is 

R(-3,-4)18 R(-2,-4)3 

R(-4,-5)4 © © 

0^R(-6,-3)2^ © ->R(-4,-3)30^R(-3,-3)40^R(-2,-2) 

R(-5,-3)12 © © 

R(-4,-2)i R(-3,-2)6 

If the hypotheses of Remark l43| g| are in effect, then is 


i; 


0^R(-6)2^ 


R(-4)4 i?(-3)i8 R(-2) 






^R{-2)^^ ^R. 


R(-5)12 i?(-4)3i R(-3)46 

If the hypotheses of Remark l4.2lil are in effect, then is quasi-isomorphic to 
(4.4.1) 0 ^ R{-6f R{-5)^^ R(-4)2^ ^ ^(-3)^^ ^ ^(-2)^2 ^ 

(b) Let (g, f) = (3,6) and £ = = 2. The modules of are 


y 


y 


0,2 


4,1 


y 


2,1 


o^yei^ysi^ ® ^^31^ ® ^y3o^A®^®A G. 


y 


6,0 


y 


4,0 


y 


5,0 


If the hypotheses of Remark |y2te] are in effect, then is 

R(-4,-5)6 

R(-6,-4)45 © 

0->R(-8,-4)3^R(-7,-4)1^^ © ^R(-5,-4)60 

R(-6,-3)i © 

R(-5,-3)6 


i?(-4,-4)45 

^ © ^R(-3,-3)20^R. 

R(-4,-3)15 


^R. 


(4.4.2) 
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If the hypotheses of Remark l43| g| are in effeet, then is 

R(-4)6 

R(- 5)66 

If the hypotheses of Remark l4.2lil are in effeet, then is quasi-isomorphie to 

(4.4.3) 0 ^ R{-Sf -> R(-6)4^ -> R(-5)^^ ^ ^(-4)^4 ^ 7 ?(_ 3)20 ^ 


(e) Let (g, f) = (3, 6 ) and £ = = I. The modules of are 




y, 


0,2 


1,1 


y 


0,1 






-)■ 


^ A A G. 


*^5,0 M,0 


y 


3,0 


If the hypotheses of Remark l4!2te] are in effect, then is 

R(-4,-5)6 i?(-3,-4)i8 i?(_2,-4)3 

(4.4.4) 0->R(-6,-3)^ © -)> © ^R. 

R(-5,-3)6 7?(-4,-3)15 R(-3,-3)20 

If the hypotheses of Remark are in effect, then is 

R(-4)6 R(-3)1^ ^(-2)^ 

0^R(-6)^-)- ©-)■©-)■© -^R. 

R{-5f R(-4)15 R(-3)20 


In the present example, £ = [and £ 7 ^ [|]. If the rest of the hypotheses of Re¬ 
mark |4]2lil other than the hypothesis £ = [|], are in effect, then we do not know the 
graded Betti numbers in a minimal homogeneous resolution of H®(M^); indeed, we do 
not know if these Betti numbers can be determined from the data (£,f, g) or if more 
information about the R-module /r (of Data 12. II) is required. 

(d) Let (g, f) = (4,7) and £ = = 1. The modules of are 


y 


T‘ 


0,2 


y 


rjpl 


0 ^ y7“o ^ ^ 


1,1 


y 


0,1 


6,0 




-)■ 




y 


5,0 


y 


4,0 


y 


3,0 


If the hypotheses of Remark l4^2te] are in effect, then is 

R(-5,-6)io R(-4,-5)28 i?(_3,_5)4 

0-^R(-8,-4)^ ^R(-7,-4)^ ^ © ^ © ^ © ^R. 

R(-6,-4)21 i?(_5,_4)35 7?(_4^_4)35 


If the hypotheses of Remark l4^2|g ] are in effect, then is 

R(-5)io R(-4)28 R(-3)4 

(4.4.5) 0->R(-8)^ ^R(-7)^^ © ^ © ^ © 

R(-6)21 R(-5)35 R(-4)35 
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Notice that the graded Betti numbers show that it is not possible for (14.4.51) to be quasi¬ 
isomorphic to a pure complex; indeed, the image of di is generated in two different 
degrees. 

(e) One can use Macaulay2 [|71 to verify the graded Betti numbers of (14.3.61) . (14.4.11) . (14.4.31) . 
and (14.4.41) . when the Hypotheses 12.21 are in effeet. 

(f) When f = 2n -I- 1 is odd, b = 1, and £ = |, then is isomorphie to the complex 

(4.4.6) M' = ©A' © 

/+/<« n+Q<n—\ 

0<j 0<q 


of ifTSl Def. 2.15]. In M', is in position i + 2j and /\PFX^‘i^ in position 

p-\-2q + 2. The module /\f F © /\® G in eorresponds to /\^in M', the module 
y.® in corresponds to in M', and the module Vjj in corresponds 

to in M'. 

(g) When f = 2n is even, g = 1, and £ = then is isomorphic to the eomplex 


(4.4.7) 


M' 


© KF*h^i)® 0 ^PFX^‘i) 

i+j<n—\ p+q<n—\ 

0<j 0<q 


of [fT4l Thm. 2.4]. (Earlier versions of the complex may be found in [fT3] 1211 .) In 
M', /\‘F*h^j') is in position i + 2j and /\P F'k^‘^^ in position p + 2^+I. The module 
/\’ F /\^ Gin corresponds to /\^F*h^^^ in M', the module V®- in eorresponds to 
in M', and the module V/J in eorresponds to /\^ in M'. 

(h) Let 5 = 1. If £ = = I, then is 


(4.4.8) 0 ^ y® ^ y® 1,0 


A —^ y 


2,0 


r T7 

^y 




1,0 




The subeomplex 0 —)■ M^i of is a truneation of the Koszul complex 

assoeiated to x. If £ = = 1, then is 

(4.4.9) 

Once we prove Theorem |231 then the exactness of (14.4.81) gives that /g('E) = oc/i (x) for 
some element a in F and the exactness of (14.4.91) identifies a as a generator of the image 
of 


(4.4.10) c(l) = Ai(Xi) A (A®^^ 'I')(2f2 A ■ ■ ■ AXJ ©7, A ■ ■ ■ ATi 

under any isomorphism from /\^F ® /\°G to R. (We use the notation of 13.51 ) These 
ideas, but not this phrasing, are already known by Mark Johnson IITOll and Susan Morey 

m. 
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A more concrete version of (14.4.101) is obtained as follows. Let Xi,... be a basis 
for G*, ei,...,ef a basis for F, 

F(^k) = 52 kiij^keiAej e f\^F, T be the column vector [x(ei),... ,x(ef)]S 

i<^<y<f 


and, for 1 < < g, let Ak be the f x f alternating matrix with aij^k in position i, j when 

i < j. In 7?, c(l) is a unit times the Pfaffian of 


r Ai 

AiT 1 ... 1 AJl 

T^A2 



0 


_ 


It is useful to observe that (14.4.1 II) is also the coefficient of Zi in the Pfaffian of 


ZiAi -t-Z2A2 -l- \rZ^A^ 

AiT 1 

... 1 AJl 

734^ 


0 



_ 


In this discussion, Zi,..., Zg are indeterminates over R; they play the role of place hold¬ 
ers. 

(i) Take f to be odd and g = 2. If the hypotheses of Theorem [23] are in effect, then the ideal 
is perfect of grade f — 2 = 5 and is resolved by M^, for £ = 

To describe a generating set for this ideal, let Ai and A2 be f x f alternating matrices 
with entries in R and let T be a f x 1 column vector, again with entries in R. The ideal 
is generated by 


(4.4.12) 


(the coefficients of Zj and Z1Z2 in the Pfaffian of 

+/2([Air I A2r]), 


ZiAi -I-Z2A2 

A2T' 

ytranspose^^ 

0 


provided (14.4.121) has grade at least 6 and h (x) has grade at least f. Once again, Zi and 
Z2 are indeterminates over i?; they play the role of place holders. 


4.5. The final non-zero map of M is of considerable interest. For most choices of (g, f), this 
map is 


x:y, 


f,e-l 




f-Le-L 


If this map is written as a matrix, then it looks like the matrix of Table 14.STl where ei,. ..e^ 
is a basis for F and 7)- = x(e/). The matrix has f ^'ows and columns. For small 

values of g or 6 this general form is perturbed slightly. The complete form of the last map is 
given in Observation |431 
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Ti 

T2 




••• 

0 

0 

0 


Tx 

Ti 



0 

Tf 

0 

0 

0 

0 


0 




Ti 

Ti 

1- 

O 

0 

0 

Tf. 


Table 4.5.1. The last non-zero map of for most (g,f). See 14.5[ Obser¬ 
vation |4]6l and (14.6.61) . 


Observation 4.6. Adopt Data \l.\\ and \2.3\ Retain the description o/M^ as given in Defini- 
tion 14. II an J Remarks \A.2\ in particular, the value o/A^max given in ( 14.2.11) . Then the final 
non-zero map ofWfi is 




—V 




and this map is 


(4.6.1) 

(4.6.2) 

(4.6.3) 

(4.6.4) 


Vr 




1X21 


0,0 




H, 


^f,o > Vi,0’ 


Vr 








1,5-2 


0,5-1 


'^0,5-1 


y 


f,e-l’ 


'P 0 


x(3 < 5)y5_2 


y 


f,e-l 


y 


f-I,e-D 


y 


^E 


0,5-1 


y 


f-l,e-D 


ifd = 1 and £ = 
if 8 = 1 and £ = 

if 2 < 5 and (£,g) = (^^, 1), 

Cl c 

if 2 < 5 and (£, g) equals (^^,2) or (|, 1), 
if 2 < 5 and (£,g) equals (^^,3), or (|,2), 


(4.6.5) y“_i 
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(4.6.6) y. 


H 


f.e-l 


»y 




in < 6 and (£,0) satisfy one of the following: 

c_1 c 

£ = and 4 < 0, or £ = I and 3 < 0, 
ort= and 2 < 0. 


The map ^ : y(75„i ^*8-e) e-P appears in (14.6.31) and (14.6.41) . is given by 

(4.6.7) «y8-i) = (-!)'“' E (i)Ml(">*)®">(T8-i)eL 

furthermore, 


2(8-e),e-I — ^ 5-1’ 


2(5-£) = 


//'(£,0) = (^, 1), and 
8-1 


f-1, = (V’2) or (§,1). 


Proof If 5 = 1, then is recorded in (14.4.81) and (14.4.91) . Henceforth, we assume 2 < 5. 
The differential given in Definition 14. libi We need only deal with the modules. The 

module is given in Remark l432tel One easily calculates the summands of 

For example, if £ = and is a summand of M^yVmax-i = then 

1 + 27 — 5+1 = f— 1 and j < £ — 1 = — 1 ; 


hence, 

f — 2 —1 + 5 = 27 <5—1. 

It follows that f — 1 < i. On the other hand, / — i and 5 have the same parity; so z = f — 1. A 
similar argument works in the remaining cases. □ 


5. The double complexes and B. 

Adopt Data l2.1l and l2.3[ The double complexes and B, which are used in the construc¬ 
tion of M^, both are quotients of the double complex V. In Definition 15.1[ we introduce all 
three double complexes V, T^, and B; we also introduce the sub-double-complex U of V with 
V/U equal to B. (We have no need for the subcomplex of V which defines T^.) Please keep 
in mind that, for our purposes, and B are the important complexes. We have introduced V 
and U in order to calculate the homology of B; see Lemma [5771 (It is not difficult to compute 
the homology of T^; see Lemma [531 ) 

Definition 5.1. Adopt Data l2.ll and l2.31 Define V, T^, B and U to be the double complexes 
which are given in Tables 15.1.11 and 15.1.21 The double complexes and B are quotients of 
V and U is the subcomplex of V with V/U = B. The modules are indexed in such a way that 

Tot(V)o = (A^F(8 )A®G)© © y,,. 

i+2 7=6—1 

(a) The module Vij is the free R-module /\‘F see 13.81 
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V: 


'P 


^5,1 


‘P 




^8+1,0 

X 


0 


V5_1,1 V5,0 ® A® G 






^5-2,1 — V5_i,o — A^"' ® A® G 


Af-i 


Vo, I 


0 




X X 

Vi,o^^A"+^^®A®G 


Vo,o^^A®^®A®G 








Vo.e+2-^ Vi,e+i-^ V2, 


0 


0 


Vo,e+l-^ Vi,e 

X 

^Vo,e, 


0 


Table 5.1.1. The double eomplexes V and from Definition 15.II 


(b) The i?-module homomorphism 


1^- 


sends to x(/i) <8) Yj. (Reeall the eonvention l3.9[ ') 
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'P 


Vs,: 


'P 


'P 


Vs+i,! -^ V5_|.2,o 


0 


'P 


V5^L2 

X 


'P 


'P 


Vs,!-^ Vs+1,0 


0 


'P 


'P 


V5_2,2-^ V5_1,1 


'P 


Vs.c 




U: 


'P T, 'P T, A”'!' * 


Vs- 2,1 — Vs_i,o -^A^-^F(^a^g 


XX X 

' XV ^ /\^^> ,1 

-- Vo,i yi,o F®/\^G 

X X 

- -0 - ^Vo,o—^A^F^/\^G 

Table 5.1.2. The double complexes B and U from Definition 15.11 


\J/ 

(c) The 7?-module homomorphism Vt j - ^Vj+i j-i sends toA 

l 

(The element Xi®Yi of G* ®G is explained in l3.5[ l 

l=\ 

(d) The i?-module homomorphism Vi-,o ^ A^^' F ® A® G is 

A^AA(A‘’'V)(a)GA®WG- 


(The symbols (Og* and (Og are explained in 13.61 1 

Remarks 5.2. (a) We always use A for an arbitrary element of A' F and jj for an arbitrary 
element of Dj{G*)', see 13.91 
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(b) Recall from the definition of 'R in Data l2.1l that x o 'R = 0. Observe that the squares 

Vij -^ v;-+ij-i 

from the complexes of Definition 15.11 anti-commute and the squares 

i ^-,0- 

I^'-LO—- A''^+®^®A®G 

commute on-the-nose. 

(c) Let N be an integer. 

(i) The module Tot(V)Af is equal to 

(A’+''f®A*G)@ z Vij, 

(imj 

0 , 

where the sum is taken over 

{iiJ)\i + '2j-^+^=N, and 0 <z, 7 }. 

The module Tot(T^)iv is equal to 

r 0 , if < 0 , and 

\ I ifl<iV, 

where the sum is taken over 

{(z, 7 ) I z + 27 — 6+1 = A^, 0 < z, and £<j}- 

The module Tot(B)Af is equal to 

{ 0, ifA^<-l, 

/\^F®/\^G, ifA^ = 0, and 

L Vij, ifi<iv, 

(ESI 


(5.2.1) 

(ii) 


(5.2.2) 

(iii) 


if —5 < N, and 
ifiV< -5, 


where the sum is taken over 

(5.2.3) {(z, 7 ) I z + 27 —5+1 = A^, 6 <z + A and 0<z,7}- 
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(iv) The module Tot(I[J)A? is equal to 

I Vi,j, ifO<iV, 

(imi 

< A^G)© I V,j, if-5<iV<-l,and 

(im 

^0, ifiV<-5. 

where the sum is taken over 

(5.2.4) {(/, 7 ) I/ + 27 —5+1 = A^, i + j<5—1 and 0 </, 7 }. 

Lemma 5.3. Adopt Data M.W Assume Hypothesis \2.2\b\ holds. Recall the double complexes 
and Y of Definition \5 .l\ 

(a) IfN is an integer, then 

e f T-^ ©T>8 +«-i (G*), ifh + N—\isevenand2z — h+l<N,and 
H;v(Tot(T‘')) ~ 

1 ^ 0 , otherwise. 

Furthermore, ifh-\-N—\ is even and 2£ — 5 + 1 <N, then 

(5.3.1) Uzm*} I m g ( s+w-i )l 

5 

is a basis for the free R / Ii{%)-module Hiv(Tot(T^)). {See Remark WM and (13.5.11) .) 

(b) 1 < 5 and 1 < A^, then 

\R/h{'^)®D 8 +w-i (G*), ifhYN— 1 is even, and 
Hjv(Tot(V)) ~ 2 

otherwise. 

Furthermore, ifh-\-N—\is even and \ <N, then 

(5.3.2) {M|me(^)} 

is a basis for the free R / I\{x) -module H;v(Tot(V)). {See Remark WM and (13.5.11) .) 

Remarks 5.4. (a) We explain the notation in (15.3.11) and (15.3.21) . For each element y of 
D 1 (G ), cycles Zy m Tot(T )s+v—i and m Tot(\^) 5 -j-A^—i are defined m Lemma [5.51 
In particular, the homology class \zm*\ of (15.3.11) refers to the homology class of the cycle 

Zm* in Tot(T^) 5 +A^— 1 which corresponds to the element m of f-f8+v—i {fS ) as described m 

2 2 

Lemma 1531 

(b) A less technical statement of Lemma l5.3tal is that the non-zero homology of Tot(T^) is 
“caused by” the external comers Vbjo Furthermore, the comer Vb,;o contributes 

R/h{x)®Dj,{G*) 

to H 2 yQ_ 5 +i(Tot(T*^)). We use (15.2.21) to read that Vn Jq sits in position 270 — 5+1 ofTot(T^). 
Also, it is immediate that if A is 270 — 5 + 1, then 70 = (A + 5 — l)/2. 
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Proof of Lemma 15.31 ([a]) Each column of is the tensor produet of a free i?-module with 
the Koszul eomplex associated to a regular sequence. Consequently, the homology of each 
column of is well understood. We view Tot(T^) as the limit of a sequenee of mapping 
oones; eaeh mapping none adjoins one more eolumn from T^. The eolumns are arranged in 
sueh a way that the homology of the new eolumn does not interfere with the homology of 
the total complex of the previous columns. We provide some details. Let Jq be an integer 
with £ < 7 o; and A and P be the subcomplexes 

A = Tot(0V.,and P = Tot(0V.,<,J 


of Tot(T^). We assume by induetion that 


H 7 v(A) 7 ^ 0 only if 5+— 1 is even, and 2 £ — 5+1 <A^<27o — 5—1. 


We see that P/A is the eolumn 0, of T^; thus P/A is the tensor produet of the Koszul 
complex assoeiated to x with Dj^^{G*). Hypothesis 12.2lbl ensures that 

H„(P/A) ^ if W = 2^0 - 8 a 1, and 

1 ^0, otherwise. 

The long exact sequence of homology whieh is induced by the short exact sequence of eom- 
plexes 

0-)-A-)-P-)-P/A-)-0 


yields that 


fO, if2yo-5 + 2<iV, 

Hyv(P)~ I A//i(x)®D,o(G*), ifiV = 27 o- 5 +l, 

[HAf(A), ifiV< 27 o- 6 . 

Furthermore, the eyeles that represent Hyv(A) eontinue to represent Hyv(P) for N < 2/0 - 5- 
Also, it is not diffleult to identify a basis for the free R/Ii (x)-module H 2 jQ_ 5 +i (P). One takes 
a basis for Dj^^{G*). Eaeh element of this basis is a eyele in the eomplex P/A. One lifts the 
eycle in P/A to a eyele in P and then takes the homology elass. In 13.51 we identified the 
basis {m* |mG for Dj^^{G*). In Lemma l5.5l we lift m* to the eycle Zm* inPCTot(T^). 


© The proof is similar to the proof of da]). The only differenee is that the stair-case pattern 
involving exterior lower left-hand eomers starts with the seeond eolumn instead of the first 
eolumn. That is, H_ 5 _,_i(Tot(V)) and H_ 5 (Tot(V)) are not ealeulated using the method of 
the proof of dU. On the other hand, the statement of the result makes no elaim about these 
homologies because —5 < —5 + 1 < 0 < A. Once 1 < A, then the module H 7 v(Tot(V)) is 
non-zero if and only if Tot(V)contains one of the eomers Vq, jo Furthermore, (15.2.11) 

shows that Vqjq is a summand of Tot(V )n if and only if 2/0 — 5 + 1 = A. The rest of the 
proof is identieal to the proof of dS). 








32 


ANDREW R. KUSTIN, CLAUDIA POLINI, AND BERND ULRICH 


Lemma 5.5. Adopt Data \2. W and recall the double complexes V, and B of Definition \5 A\ 
Let N be a positive integer with 5+A^ — 1 even and let y be an element of Ds+n-i (G*). Define 
Zy to be the following element ofY : 

S+jV-l 

(5.5.1) z,= ~L z (-i)ii)MlWy))®™*eV8+«_,_2,.jCV 

and define Zy and ^y to be the images of Zy in the quotient double complexes and B, 
respectively. Then 

(a) Zy, Zy, and ^y are elements Tot(V)A(, Tot(T^)Af, and Tot(B)A(, respectively, 

(b) Zy, Zy, and ^y are cycles in Tot(V), Tot(T^), and Tot(B), respectively, 

5+(V-l 

(c) Zy= I (-l)^[D(^)](m|)(8)mi(Y) Gy5+^_i_2y,y CTot(T^);v, 

mi£( 5+(V-l 

A-1 

(d) ^y= L (-l)^[D(y/)]K)®mi(Y)ey5+;v-l-2y,;CTot(B)^. 

^—2 - 

Proof 

(a) Observe that [D{p)]{m{y))®m*, in the notation of (I5.5.1I) . is an element of y 5 +jv-i- 2 ;,> 
whieh, aeeording to (I5.2.1I) . is a summand of Tot(V)A(. 

(c,d) Aeeording to (15.2.21) and (15.2.31) . y 5 +A-i- 2 ;,; is ^ non-zero summand of if and only 
if £ < i\ and y 6 +A-i- 27,7 is a non-zero summand of B if and only if j <N —1. Observe that 

Y, m{y)®m*= Y ml®mfy)eDs^^j{G*)®Dj{G*). 

2 

(b) It suffices to show that Zy is a cycle in Tot(V). The differential d of Tot(V) takes Tot(V) a( 
to 

8+^-3 

Tot(V)iV-I = Y ^8+N-2-2jJ- 
j=0 

Fix jo with 0< jo < . Observe that the component of d{Zy) in y5+^(_2_2yojo is A -f5, 

where A is the horizontal contribution and B is the vertical contribution. In other words, 

A=E E (-iy«+l'F(Xy)A[D(yi)](m(Y))®y^K) and 
B= E (-l)-'°x([D(yi)](m(Y))) 0 m*. 
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The elements 


(5.5.2) Y, L 


and 


of G* 0 G<S)DjQ{G*) are equal; so, 


Y Y ® 


^=£ L (-l)'''>+l'I'(X,)A[D(^)]((y^m)(Y))0m*. 
If y is an arbitrary element of D,(G*), then 


(5.5.3) 


<|D(#')l(y)) = i t(a.(X()) A 1D(^)](1'Ky')). 

£=l 


(It suffiees to test this assertion when y = .) It follows that 




A = 


£ (-1 )■'»+ L( (D(;.)] (m(Y))) ® m* = -S. 


me 


Jo' 


□ 


Proposition 5.6. Adopt Data \2.l\ Assume H\potheses \2.2\ holds. Recall the double complex 
U of Definition \5 A\ Then H;(Tot(I[J)) = 0,for0 < i. 

Proof. Eaeh row of U is isomorphie to a truneation of a generalized Eagon-Northeott eom- 
plex. Recall that, for each R-module homomorphism 

d>: G* ^ F 

(or equivalently d>* : F* —)■ G), there is a family of generalized Eagon-Northeott complexes 
{Q)*} (see, for example, |I3 Appendix A.2]). If 

(5.6.1) -l<z<5+l, 

then G4* has length 5+1; and, if 5 + 1 < grade/g(4>), then is acyclic for i satisfying 
(15.6.11) . Eurthermore, the complexes for i satisfying (15.6.11) . exhibit depth-sensitivity. In 
particular, if 5 < grade/0(4>), then Hj(G4*) = 0 for 2 < y and i satisfying (15.6.11) . Hypothe¬ 
sis |2]2a]guarantees that 5 < grade/^('P); thus, = 0 for 2 < y and i satisfying (15.6.11) . 

The rows of U are isomorphic to truncations of the complexes Gp*, for 1 < / < 5. In partic¬ 
ular, the top row of U, which is also the longest row of U, is isomorphic to the truncation 
of 

0 ^ ^^F*®D^_lG ^-^ ®DiG ^ F* ®DqG ^ F* G 


at F*. The resulting truncation is an acyclic complex of length 5; so we use the full force 
of Hypothesis I2.2lal to conclude that the top row of U acyclic. In the lower rows of U, the 
truncation of the corresponding generalized Eagon-Northeott complex G4<* is more severe. 
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consequently, the row is shorter than the top row of U and one need not use all of Hypothe¬ 
sis [2]2a] to eonelude that the row is aeyclic. We observe that the eomplex is also ealled 
the Buehsbaum-Rim eomplex. 

At any rate, eaeh row of U has non-zero homology only at the right hand boundary. We ob¬ 
serve that the modules from the right hand eolumn of U all are summands of 0;<_i Tot(U);. 
In particular, ^ ^ ® A® G, which is the right-most module in the top row of U, is a sum¬ 
mand of Tot(U)_i. Standard results about total eomplexes now yield that H 7 v(Tot(U)) = 0, 
for 0 <N. □ 

Lemma 5.7. Adopt Data \2.l\ Assume Hvpotheses \2.2\ hold. Recall the double complex B of 
Definition \5 A\ IfN is an integer, then 

{ j^ ® P s+Af-i (G*), ifh + N—\isevenandl<N, 

R, " ifN = 0, and 

0 , otherwise. 

Furthermore, ifh-\-N—\ is even and \ <N, then 

(5.7.1) {[W|me(^)} 

2 

is a basis for the free R/I\{x)-module Hyv(Tot(B)), where the formula for 1^^* Is given in 
Lemma 15.51 

Proof The value of H^(Tot(B)) for A < 0 is elear from the definition of B. For positive N, 
the short exaet sequenee of eomplexes 

0 ^ Tot(U) -» Tot(V) -» Tot(B) ^ 0, 

eombined with Proposition 15.61 yields that HAf(Tot(V)) ~ HAf(Tot(B)) for 1 < A; henee. 
Lemma l5.3lbl eompletes the ealeulation of the isomorphism elass of H;(Tot(B)). Further¬ 
more, according to Lemma [531 (15.7.11) is the basis for HAf(Tot(B)) that eorresponds to the 
basis (15.3.21) of HA/(Tot(V)). □ 

6. The map of complexes 'if : Tot(T^) -)■ Tot(B). 

Data l2.1l and l2.3l are in effeet throughout this seetion. The double eomplexes and B are 
defined in 15. H and the maps and modules of are given in Definition 14.11 

In this section we define a map of eomplexes if : Tot(T^) —)■ Tot(B). Onee if is defined, 
we let be the mapping eone of if. We prove that when Hypotheses 12 . 21 are in effeet, then 
is a resolution, is a subcomplex of L^, and L^/M^ is split exact; so, in particular, 
is a resolution of 

(r, if £ = [|] , and 

\R, ife=ffcll. 
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The most recent statement is assertion © of Theorem I2.5[ The section concludes with the 
proof of Theorem l2.5l and item ® of Theorem l2.7[ Theorems [23] and [2T] are the main results 
of the paper. 

Ideas from [33] are used in the definition of 

Definition 6.1. Adopt Data l2.ll and l2.3l Recall the double complexes and B from Defini- 
tion lS.li Define the R-module homomorphism ^ : Tot(T^) —)■ Tot(B) as follows. 

(a) If A = 0 and £ = then 

is given by ^o(Ye) = <^(Ye)’ where c is the map of (12.3.31) . 

(b) If I < N and I and J are parameters with 7 + 27 — 5+1 = N, 0 < I, and £ < 7, then 

=(_1)A^ L ^ [D(^)]K)A//®m(yAeI^'jCTot(B);v 

Lemma 6.2. Adopt Data \2.\\ and \2.3\ Then the R-module homomorphism 

: Tot(T^) ^ Tot(B) 

of Dehnition \6.l\ is a map of complexes. 


Proof. We verify that each square 

( 6 . 2 . 1 ) 


Tot(T^)^ 
Tot(B)A/' - 


■Tot(T%_i 
- Tot(B)yv-l 


commutes. The differential d^ is special when N = 1; so we treat A = 1 first. In this case, 

8-1 


if£=^, 

Tot(T^)yv = -X lA 5, if £ = |, and and Tot(T^) 7 v_i = “x 0, 


Vq s-1 5 if £ 2 ’ 


0 , 


if£= 


0, 


if £ = |, and 
if£ = 


If £ = ^ and /i <8)Ye £ ^Le’ then 


+ oy)(/| »y,) = <;■(/, A [DM](ye)) = /l A (DMKYe) A (A''I')(®C.) ®Mg 


= cW/l)'ye) 

= x(fi) ■ |DMl(L,ye) A (A'“‘ ’EXmo,-) ®raG, AYi 


and 
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=/i AT(|DMl( 4 Te) A (A»-''!')(tOG+*)) Ai-i, 

because /\* F is a DG-module over /\* F*, 

= /l A T (|D(^)l (i Je)) A (A*-‘ I') (Mg,. ) ® 0)G+ a Ki, 
because x o 'P = 0, 

= /l A 'P(Xi) A ([D(;/)] (Ye)) A ( 0 ) 0 +*) ® 0)g+ A Fi, 

because of (I5.5.3I) . (I2.3.2I) . and the fact that (/\® 'P) (/\® G+*) = 0, 

= /l A ([Z)(Ai)](Ye)) A'P(Xi) A (A®-l'P)(a)G+*) ® AFi 
=/l A ([D(ai)] (Ye)) A (A®'P) ((OgO ® «G, 
because Xi (g) (i>G+* a)G+ A Yi are dual bases for A® G* and A® G, see (13.61) . 

= (rf»o4;)(/i®Te). 

The calculation we just completed shows that im(x) ■ im(c) C im(6?®), in other words, 
(6.2.2) /i(x)-c:C4('P). 

If £ = f and Ys e lA 8 = Tot(T^)i, then 

^ 2 ^’2 

(d» o ) (Y,) = -</» (l£>(^)] (T.)) = - |D(^)l (y.) A (A"P) (lOG.) ® ®G. 

2 2 2 

Observe that [D(^)](y 6) A (A®'i^)((OG*) is an element of x(A^’'^^^) = 0. Indeed, if (Og* is 
Xi A ■ ■ ■ AXg and Y8 = then 

[^(-^)](Y8)A(A®'i')(«GA 

2 

=X ((^(Xi))(“i + 1) A (a/(X2))(“2) a • • • a (^(XJ)(“») ax(a/(X2)) a • ■ ■ Ax(a/(XJ)) g x(Af+^i^). 

This completes the proof that (16.2.11) commutes when N = 1. 

Now we consider 2 < N. Fix I and J with 7 + 27 — 5+1 = N, 0 < I, and £ < 7 and fix 
fi^Jj & Vij G Tot(T*^) 7 v. Observe that 

o7’^")(//(g)Yy) =5'i+52 and (J® o^^)(/7®y/) = 53+54 

with 


51 =^^_i (^%(e<7-l) I^'F(X^)A//(8)TAY/) eVz+iY-i CTot(T%_ij , 

52 = (x(//) ®Yi e Vi.u C Tot(T^);v_i), 









A MATRIX OF LINEAR FORMS WHICH IS ANNIHILATED BY A VECTOR OF INDETERMINATES 37 




/+2 j — 
S<i+j 


£ Vi+lJ-l ^ Tot(B) 7 v_i, 
(J-l-J 


1 ' W=I 


54 = (-lf E (-l)'+ffv) ^ x( 5 </ + 7-l)x([D(^)](m*)A//)®m(Y,) 


/+2 j — 
S<i+j 


mGI 


J-jJ 


e Vi-lJ ^ Tot(B)iV-l. 


We compute 


5i = 


i=\ i+2j=I+2J-\ 

S<i+7 

E [D{n)]{m*)A^>{Xi)Afi®m{Y^{^j))eVi,j<ZToi{M)N-i. 


The binomial coefficient renders the factor %(£ < 7 — 1) redundant. Apply the trick of (15.5.21) . 
followed by (15.5.31) . to see that 


( 0 


5i= 


E (-if-^ E (-l)'+^+ff if) 

t=l i+2j=I+2J-\ 

&<i+i 

E [D{^i)]{Yi{m*)) A^>{Xt) Afi®m{yj) G V,-, C Tot(B);v^i 


■(-If-' E (-l)'+'+ff?f) E x([D(^)](m*))A//®m(yy) 


It is immediate that 

52 = 


€ ^ Tot(B)Af_i. 


(-lf -1 £ (_i)/-i+7(^-W) £ [D(A/)](m*)Ax(//)0m(Yy) 


/+2 j — I —1+2/ 
&<i+j 




£ ViJ ^ Tot(B)Af-l 
Our approach to 53 is similar to our approach to 5i. We obtain 

(-If E (-l)'+ff!f) E E'I^(X^)A[Z)(Ai)](TKm*))A//0m(Yy) 

53 =< fff 

^ V,'+ij-i ^ Tot(B)jv-i 

(-If E (-l)'+ff!f) E x([D(^)](m*))A//®m(Yy) 

'fff -^(y-fi) 

^ Vi'+ij-i ^ Tot(B)7v-i 
Replace i with i — 1 and j with 7 + 1 and conclude that 
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(-If, ,E I x([D(^)](m*))A//®m(y,) 


^3 = 


/+2 7+1— l-\-2J 
8<i+j 


ine\ 


J-j) 


e Vj-J c Tot(B)Ar_i. 
Replace i with i + 1 in 54 to obtain 


S4 = 


■(-Ijiv £ I x(5<. + jW(DM]K)A/,)®m(yj) 

/+1+2 i —7+2/ 


8<i+l+I 


raGI 


J-j) 


€ Vj J C T0t(]B)A7_l 


(-1)« E (-l)'+^iyV) L <lDM](ffi*)A/,)®m(yy) 


/+1+2 j — 
8<i+j 


mGI 


J-j) 


e Vj-J C Tot(]B)7V_l. 

The action of F* on /\* F now gives 84 = S'^ + S'^ with 

(-1)« I (-l)'+^(yi70 E T(lDW](m*))A/,®m(y,) 

£ Vij ^ Tot(B) 7 v_i and 


= 


S'l = 


(-If E (-l)'^^^^') E [Z)(^)](m*)Ax(//)®m(Y,) 


£ V,j C Tot(B)7v_i. 

We see that 5i = 53+54 and S 2 = S'^. The square (16.2.11) commutes for all N and the proof 
is complete. 

Let L*^ be the mapping cone of so : L*^a 7 —)■ L*^a 7 -i is 

0 


□ 


Tot(T^)[-l]7V 

© 

Tot(B)7v 




^) SA-I + 


'N. 


T0t(T^)[-l]A^ 


Tot(B)A-i. 

We write ifj for the image of Vij in Tot(T^)[—1] C and for the image of Vtj in 
Tot(B) C L^. So, in particular, 

(6.2.3) V,fcLV2y-5+2 and V® C LV2;-5+i- 

It is useful to gather the definition of in one place. 

Definition 6.3. Adopt Data l2.ll and l2.3i The complex is described as follows: 

(a) As a graded R-module 

L' = (©V,+ ®( 0 +;)®(A’7'®A'G). 


e<y 


5<i+; 


with 
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(i) V^j in position 7 + 27 — 5 + 2, 

(ii) V;® in position / + 27 — 5 + 1, and 

(iii) {/\'F ^ /\® G) in position 0. 

(b) The 7?-niodule homomorphisms of are described below. 

(i) If 7 + 27 — 5 + 2 = 77, 2 < 77, 0 < 7, and £ < 7, then Vjj is a summand of L^yv and 




%(£ < 7 - 1) E A // <8) T^Yy) e j_, C LVi 

£=l 

+x(//) (8)y/ e j c L^yv-i 
e V,®. c LVi- 

V hj 


(ii) If z + 2 / — 5 + 1 = 77, 2 < 77, 5 < z + /, and 0 < z, /, then V.® is a summand of L*^yv 

^•7 

and 


[ +X (5 < z + 7 - I)x (/0 077 G V;® 

(iii) The 7?-module homomorphism 


C L^yv-I 
CLVi. 


7 : = yg®o©x(e = ^)yo^; ^ O A® G) 


is 

dih e y5®o) = /5 A (A®'!') (WgA ® «G 

and, if £ = then 7(Ye G yj’g) = c(Ye) for c as defined in (I2.3.3I) . 

Remark 6.4. A quick comparison of Definitions 14.11 and 16.31 shows that is a complex, 
and indeed a subcomplex of L^. The only tricky part of this assertion is already contained in 
Remark r4.2jj j 


Lemma 6.5. Adopt Dato l2.1l azzz7 l2.3l Retain the complexes C of Remark \6A\ Then 

the complex L^/M^ is split exact. So, in particular, 

Hyv(L*^)=Hyv(M^) 


for all N. 

Proof. The complex L^/M^, which is 

©y;®©T!;-. 

£</ Z<j 

5</+7 
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is the mapping cone of 

e yJj 

£</ 

5</+/ 

©V,®, 

£<j 

S<i+j 

where is the map induced by It suffices to show that is an isomorphism. We show 
that if 7 + 27 = z + 2 j, then I/® is an isomorphism if 7 = j and is the zero map if 

7 < j. The second assertion is obvious because the sum 

E 

over the empty set (there are no monomials of negative degree) is zero. The first assertion is 
also obvious because the component : V/J —)■ Vf’j of sends E V/y to 

£ [7)(^)](m*)A//®zn(Yy) = (-l)^+^+V/®yyeyy», 

me(o) 

because ('^^) = ( — 1)* for all non-negative integers Zz, where 77 = 7-f 27 — 5-h 1. Thus, 

© Vu 

£</ 

5</+7 

I-\-2J=N 

&£/ 

© 

e<> 

S<i+j 

i+2j^N 

is represented by a square triangular matrix with isomorphisms on the main diagonal. □ 

Lemma 6.6. Adopt Data \2.\\ and \23\ Recall the map of complexes If : Tot(T^) —)■ Tot(B) 
from Lemma W^ and the complexes and 'Mf from Lemma [631 

(a) If N is a positive integer with 8 -\- N — 1 even and y is an element of D s+y- 1 (G*), 

2 

ZyeTot(T^)Az and ^Y^Tot(B)iv 

are the cycles ofLemma \5.5\ then = ( —l)^’''^^y. 

(b) If Hvpotheses \2.2\ are in effect, then and are resolutions of 

JR, ife = I or £ = and 
[R, z/£=^. 


by free R-modules. 
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Proof, da]) We compute 

S+W-l 


r(4)= E E (-i)-'?(PMlK)®™i(y)ev8+«_,_2veTot(T')«) 


y=e 


S+A^-l 

—2— 




IE IE 

x[D{iu)]{m*) A [D{iu)]{ml) m{mi{y)) G Vij C Tot(]B)yv 


8+Af-l 




E E 

27—5+. 

&<i+j 

X [D{fi)]{m*) A [D(/y)](m(mp) ®mi(y) G Vij C Tot(B)Af. 

The parameters i and j satisfy / + 27 = 5 + A^—1 and 6 < z + 7 if and only if they satisfy 
i = 6+— 1 — 27 j <N —1. It follows that 

(-i)j+« t (-iTAlL) 


?(4) = ■! 


N-l 

E E^ 

^—2 - 


J=e 


X E [D{^i)]{m*) A [D(^)](m(zwp) (g)zwi(y) G V5+A-1-2;j ^ Tot(B)^ 


= 


iV-l 8+Af-l 

E E (-!)'■+"' E (-i)''("7-7') 

+°mie(8+iV-l ) 

'-2- J' 


x[T>(a')]( E m* ■m(zwp)®mi(y) GV 5 +A/_i_ 2 ;jCTot(B)Ar. 


Apply Lemma [+T7] to see that 

( 6 . 6 . 1 ) 

We simplify 


S+W-l 


. S+W-l 


N-l z , , ■ ..-r..-. ■ 

,E E^ 

^ (Z^y) = \ J=0 ■/=£ 

X [D(;/)](m|) ® mi(y) G y 5 +iv_i- 2 yj ^ Tot(B)iv. 


8+iV-l 

—2— 


£= £ (-iTfi+drA 


5+Ar-l 


J=E 

in the context of (16.6.11) . Let k = J — e. The expression is 

S+W-l 

‘'+'A('Sa7)- 


£ = (-!)' E (-l)‘( 

k=0 
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We need only eonsider 0 < ^ — j (otherwise, the monomial m\ of (16.6.11) has negative 


degree and (16.6.11) is zero); so 


6+N-I _ ,• 
2 J 

A: + £ — J 


5+A-I _ • 
2 ■! 


8+A-I 


Z-k 


It is always true for all integers a and b that (a) — * ^); so in partieular, 


(-ir 


and 


&+N-\ ^ 

—3 -e . g+v-i 

£=(-!)' £ 

k=0 2 

= (-1)^ L (■^V) ( s+Ai „ ,) 


Now use the identity 


I 


yteZ 

(2 


c — kj \k 


-Z—k' 

a + b 
c 

5+A-l 


see, for example, IfTSl Obs. 1.2.i], with a = j — £,b= 2 

that 


— j, and c = 


8+A-I 


• £ to learn 


£ = (-1) 


8+A-l 
e/ 2 
8+A-l 


-£ 


The hypotheses that N is positive and 5 + // — 1 is even foree 


( 6 . 6 . 2 ) 


8+A-l 


to be non-negative. (If £ = then (16.6.21) is at least y. If £ = |, then (16.6.21) is at least 
If £ = then 2<N and (16.6.21) is at least ^^^.) Thus E — (—1)*^; and 


A-l 


-iy[D{^)]{m\)®mi{i) G y 5 +yv-l- 2 ;j ^ Tot(B)jv 


j ^ mi^{ .) 

^—2 - J ' 




This eompletes the proof of (taj). 


db]) Assertion (ja]), together with Lemmas 15.31 and 15771 shows that induees an isomorphism 

Hiv(Tot(T*^)) —> Hiv(Tot(B)) for all positive N. The eomplex L*^ is the mapping eone of 
so, the long exaet sequenee of homology assoeiated to a mapping eone of eomplexes 
guarantees that Hiv(IL^) = 0 for all positive N. In other words, is a resolution of Ho(L^). 
Apply Lemma [631 to eonelude that is also a resolution of Ho(M^) = Ho(L^). □ 
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The following remark does not use any of the maehinery of the paper and eould appear 
almost anywhere. It provides the eonnection between the assertions in Theorem 12.51 about 
resolutions and projective dimension and the assertions about grade unmixedness. The un- 
mixedness assertions He]) and ([g]) of Theorem [23] play a critical role in lITbl . 

Remark 6.7. Adopt Data 12. H and 12.31 Assume that Hypothesis I2.2tal is in effect. Let p G 
y(/g('L)) \y(/i(x)). Then the ideals and (^('y) +£)p are equal and are perfect of 

grade 5. 


Proof. It follows immediately from the definition of'L, as given in Data l2.1[ that 

xo'y = 0; 


therefore, Xp o 'Lp = 0 and im'Tp C kerXp. On the other hand, the choice of p yields that the 
map Xp : Fp —;■ Rp is surjective and hence splits. Thus kerXp is a free summand of Fp of 

c _ 1 

rank f — 1. Therefore we may replace the target Fp of the map 'Tp by kerXp ~ Rp without 
changing fi^p) = 4('y)p- By the choice of p the ideal Ig{^)p is proper and has grade at 
least 5 = (f—1 )—B+1 , therefore Ig{'P)p is perfect of grade 5. 

If 6 is even, then £ = 0. If 5 is odd, then the inclusion €p ('y)p is an immediate 
consequence of the fact h (x) ■ £ C f ('L); see (16.2.21) . □ 


The proof of Theorem l2.5l (lalFbllcl). (ja]) Remark I34l explains why Lemma 1631 together with 
Remark |4. 2 II I shows that is a complex. 


|c]) Apply Lemma 1331 to conclude that is a resolution. It is clear that 


Ho(M‘=) = 


R, if £ is § or and 
R, if£=^. 


Of course, if 5 is even, then [ and R=R 


□ 


In Remark 136] we promised to explain why the hypothesis grade 4 ('R) < 5, which appears 
in Theorem I2.5lfiiil corresponds to quotients R = R /(£ + /g('y)) which are of no interest. In 
Observation 16.81 we show that if grade/g('y) < 5 fails (in the context of Theorem I2.5lfiiil) . 
then R = 0. We notice that Theorem 12. 51c] remains correct and meaningful in this situation: 
is a resolution of 0; in other words, is split exact. 

Observation 6.8. Adopt Data 12.1! and 12.3! with g = 1 and 5 odd. Assume that Hypothe- 
sis \2.1\ are in effect and that /i(x) is a proper ideal ofR. Then the following statements are 
equivalent: 

(a) £ + /g('y) is a proper ideal ofR, 

(b) grade/g('y) < 6 , and 
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Proof. Assume da]) holds. Then Hypothesis I2.2tal (13.16.11) . and Theorem 12 .5 Icl together with 
(14.2.11) give 

5 < grade/g(T') < grade(e: + /g(T')) < pdi? < f — 1 = 5; 
hence grade4('P) = 6 and (© holds. At this point, 

grade/g('P) = 6 = f — 1 < f = grade/i(x) 


and dcD holds. 

Assume (a) does not hold. Then, according to (16.2.21) . 


/; = £+/,('{') c/.cpji/iw, 

SO /i(x) C /^('P). The other inclusion always holds (because of the definition of 'P in 
Data l2.1l) : hence = /i(x) and ([c]) does not hold. At this point. Hypothesis 12 . 2lbl gives 


and (10) does not hold. 


5<f< grade/i(x) = grade/g(T'), 


□ 


The proof of Theorem 12.51 (Id], H, U [g} 10). ([d]) The length of M*^, which is given in Re¬ 
mark |4]2lcJ is an upper bound on the projective dimension of Ho(M^). On the other hand, 
the last non-zero map of is recorded in Observation |4]0 We show that in each case there 
is at least one basis elements u in and a proper ideal 7 of R with with 

and therefore, there is no shorter projective resolution of Ho(M^). The last maps (14.6.21) . 
(14.6.41) . (14.6.51) . and (14.6.61) all have the desired property because of the hypothesis that f (x) 
is a proper ideal of R. Consider the last map (14.6.31) with the additional hypothesis that 
grade/g('R) < 5. Observation 16.81 shows that £-f/g('R) is a proper ideal of R. The image of 
(14.6.31) is contained in (e:-|-/g('T))M‘^f_ 2 , since, according to (14.6.71) . 

4 (xf->) = (-1[0(^)1 6 €. _,; 

see (12.3.41) for the final inclusion. Now consider the last map (14.6.11) . We treat the cases 2 < g 
and 0=1 separately. If 2 < g, then (14.4.101) shows that the image of (14.6.11) is contained in 
/iW ■M^o; and this is sufficient because /i('R) ^ /i(x). If g = 1, then we must impose the 
additional hypothesis that grade/g('R) < 5. Once the hypothesis is imposed, then Observa¬ 
tion [6]8] again shows that e:-|-/g('T) is a proper ideal of R; and this is sufficient because the 
image of (14.6.11) is (e:-|-4('R))M‘^o- 

(leffl) Let M be the R-module R, if 5 is even; or else R, if 5 is odd. Fix p G AssrM. Asser¬ 
tion dd]) shows that 


pd^M < f — 1 < grade/i(x) 












































A MATRIX OF LINEAR FORMS WHICH IS ANNIHILATED BY A VECTOR OF INDETERMINATES 45 


and so the Auslander-Buchsbaum formula 

depth = pd^p Mp + depth Mp 

yields that depth7?p = pd^^Mp < grade/i(x); henee, /i(x) eannot be eontained in p. Remark 
l6.7l now shows that the ideals / 0 ('R)p and (/^('R) +£)p ofRp are perfect of grade 5. It follows 
that depth Rp = 5. 

([^ If 5 is even, then we proved in ([eD that 4('R) is grade unmixed; so the present assertions 
are obvious. Let 5 be odd. In light of (16.2.21) and l3.14lbl we have 

C + /,Ci') C /,Cf):/,(T) C /,('i'):/,(T)" C /.CFjS"™. 

On the other hand, assertion (|2), together with (16.2.21) . shows that K = £ + /g('R) is a grade 
unmixed ideal with /g('R) and 

graded = grade/g('R) < grade(/g('R) : K). 

So, according to 13. 141 once again, K = 

(© This assertion follows immediately from (|cD and (jgj). □ 

Proof of Theorem 12.71 db]). Fix £ equal to either | or Remark r4.2lil explains why 
there is a quasi-isomorphism from to a g-linear resolution when the component Rq (of 
homogeneous elements of degree zero) in R is a field. This completes the proof of (0. □ 

Remark 6.9. The proper ideal 7 in a Noetherian ring R is perfect if pd^ j < grade/. (See 
l3.16l for a brief discussion of perfect ideals including their connection to the Cohen-Macaulay 
quotient rings.) It follows that, when all of the hypotheses of Theorem 12. 5 1 are in effect, then 

(a) /^('R) is a perfect ideal if and only if g = 1 and 5 is even, and 

(b) /^('R)®™™ is a perfect ideal if and only if 

(i) / 0 ('R) is a perfect ideal, or 

(ii) g = 1, 5 is odd, and grade /g('R) < 5, or 

(iii) g = 2 and 5 is odd, or 

(iv) 2<g and 5=1. 

The ideals of (ED (and db!])) are called Huneke-Ulrich type two almost complete intersections; 
they had previously been resolved in ifTSl : see also (14.4.6D . The ideals of (IblH) are called 
Huneke-Ulrich deviation two Gorenstein ideals; they had previously been resolved in lfT3l 
see also, (14.4.71) . The ideals of (Ibiiih are discussed in (14.4.12D . The ideals of (IbivI) 
are studied in [[TOllIHl (see also (I4.4.9D ); these ideals are principal. Most of the ideals /^('R) 
and /^('R)®™™ that are resolved in Theorem 12. 5 1 are not perfect. None of these non-perfect 
ideals had been resolved previously. 
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7. The /i-vector of Ho(M^). 

In this section we prove item (HD of Theorem l2.7[ The proof is contained in Claims iTTl and 
17.31 see, in particular, Remark l74l Two identities (Lemmas 17 .5 1 and 1731) involving binomial 
coefficients are used in this proof. The proof of these identities is self-contained and may 
be found at the end of the section. We often consider binomial coefficients with negative 
parameters; see, for example, ifTSl 1.1 and 1.2] for a list of the elementary properties of these 
objects. 

We begin by establishing the first form of the simplified Hilbert numerator hnHy('iy|[e)(5), 
as given in Theorem 12.71m Simultaneously, we calculate hnHQ(ivi[e)(l) as given in Theo¬ 
rem |2]7laII3 


Claim 7.1. Adopt the notation and hypotheses of Theorem \2Jial Then 


(1_,)0 £ (_i)5+l (0+7-1) 


5+1/'0+7 L „ 27 + 2 g —f 


3-2 


7<e-l 


■e+f-B-iyj 


+ V1 /+20-f 


and 


which is equal to 



the number of monomials of even degree at most 6 m g — 1 variables, ifh is even, or 
the number of monomials of odd degree at most 6 m g — 1 variables, ifd is odd. 


Proof If 0 Fp Fi —)■ Fq —M —0 is a homogeneous resolution of the graded R- 

module M by finitely generated free R-modules, with Fi = P,-y), then the Hilbert 

Series of M is HSm(^) = HSi;(j') ■ HNm( 5'), for 

p rankiv 

HNm(s) = £(-1)' £ 

1=0 ,/=l 

Use the resolution of Ho(M^) given in Definition 14. 1 lal and Remark l4f2tel to see that 

[ L (-1)^ rank\L®. 5 i+ 27 + 20 -f 

N ^+7<5—1 
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(7.1.1) 


= 1 + 



L 

/<8—1 
S</+; 


(- 1 ) 




^!+ 27 + 20 —f 


Y, ( —1)'^^(-) 5'+27+2B-f_ 

e<j * 2 

i+j<5-l 


Add 

(7.1.2) 


E 

7<e 


(_l)(-5+l 

} 



0 + 7-1 


^1+27+20—f 


to the top summand on the far right side of (17.1.11) and subtraet (17.1.21) from the bottom 
summand on the far right side of (17.1.21) to see that 


(7.1.3) 


HNho(me)('^) — 1 + 


y—8+1 ^0+7 lj^i+ 27 + 20 —f 


E 

{f7l7<e-l} 

+ Y (—(®+7-ljy'+27+20-f 
{!',7|i+7<6-I} ' 


It is clear that the top summand on the far right side of (17.1.31) is 


(l-5)f(-l)S+l 


{7l7<e-l} 


70+7-1 
1 7 


).+■ 


C.20—f. 


and therefore, 


(7.1.4) 


HNh(,(me)(5) — 1 + 


(l-5)f E (-1)3+1(3+7-1)^27+20-1 

{7l7<e-l} 

+ Y ( —l)'^3(f) ( 0 + 7 -l)y+ 27 + 2 g-f_ 

{f7|(+7<8-l} ‘ ^ 


We next prove that 


1+ E (-l)'-3(f)(3+7.-l)5'+27+20-f 


!+7+8—I 


= (1-^)'-* ^ ( 
^7=0 


(7.1.5) 

Once (17.1.51) is accomplished, then we will have shown that 


++f-0-i)/^^ t 

7=0 


(7.1.6) 


HNh„(me 


.) = (!-. 


)f-0 


(1-5)3 I (-1)8+1 (0+7-l)^27+2fl-f 


3-2, 

+ I 

f—r\ 


{7l7<£-l} 
7+f-0-l)/ 
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Observe that 


(7.1.5) 




£=0 


i+J<5—l 

k i'^0—2 
h i'^f—s—2 

+ L (_l)fc+8+lQ)(8+^-l)/+2^+20-f 

g— 1 

+ L £ (-i)''+'+‘LV2,+,)(’T‘)^' 

2g~f<L<f-2 L-g+l<e “ ^ 

L<f-2 K 0-2 

+ £ £ (- 

L<f-2 L-0+l<£ 


20+f- 
.L-2£-20+fl 


■' ' ICT') 7 - 


Look at one eoeffieient at a time, multiply both sides of the equation by (—1)^, and recall 
the meaning of x(5) from (13.111) . in order to see that 


(LL5) 


1{L = Q) 


{ £ (-i)'(i7)('+'7^‘) 

^<g-2 

< +,,L J-i)*(,!IL)CT') 

+ ~'e (-!)•+'( 2 , 7 .-Jrf). 

V. L— g+l<.L 


for each integer L, with L < f — 2. Observe that 

E (-1)717)("'7^') 

£<g-2 

= £ (-1)7'V^‘)(,77J. 

^<g—2 

=(_l).+i+, j; (-l)"‘(,7i7"J(’7). 

m<j—L—2 

=(-i)'+‘^'(-i)''7i7)(,7-2). 

=(-i)“('7)C7). 


because 0 < f — g, 

where m = f — g — L-|-£, 

by (17.5.21) with 7 = f — L — 1 , 
G = g — 1 and F = f — 2, 

because 0 < f — 2. 
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Formula (17.5.21) requires that 1 < L. On the other hand, it is easy to see that 

^<0—2 


whenever L < 0. It follows that 


(ITT 3 D 




X(L = 0) = < 


+ z (-!)•(, 

0— 2 

L— 


for each integer L with L < f — 2. According to Lemma ITIhl the right side of the previous 
display holds. It follows that (17.1.51) and (17.1.61) also hold. We finish the proof of Claim 170] 
by calculating the value of 


(7.1.7) 


HNho(mo('^) 

(l-5)f-fl 


L 

= ( +'e 


_1)^+1^®^) lj^2_/+20—f 


£=0 
f—fl—2 


+1 (-i)'+'rr') 


£+8(B+e-i\J+2g-f 


e=o 


at 5 = 1 and observing that this value is not zero. The value is 




£=0 


=(;;!)+’T'(-i)'+*(“T‘) 


£=0 ' “ 
£+6/'fl+I^—L 


=T(-i)'+®CT‘). 


= E (-DTAO. 

k=0 

= E i-ifi’ilf), 

0<k 


= E 

0<i 


0-1-2A _ /f-l-(2i-+l)\ 

V 5-2/ ) V 5-(2/+I) ) 


0<i 


= r ('iOf). 

1=0 


which equals 


because 

where k = d — £, 
because (^ 5 !^^) = 0 for 6 < 

write k = 2i or k = 2i + 1 , 


the number of monomials of even degree at most 5 in g — 1 variables, if 6 is even, or 
the number of monomials of odd degree at most 6 in g — 1 variables, if 6 is odd. 
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This completes the proof of Claim iTTl 


□ 


Remark 7.2. This remark is a eontinuation of Remark l2.81 b. If g = 1 and f is even, then there 
are no monomials of odd degree in 0 variables. On the other hand, one ean easily verify that 
the right side of (17.1.71) is 1—5. 


Claim 7.3. The polynomial hnHQ(ME)('^)> calculated in Claim TfT^ is also equal to 





for 


2fl-3, i/£=^, 


<?(0, f) = < 2g - 2, ifz = and 
[2fl-l, ifz=^. 


Remark 7.4. Once Claim l73] is established, then the proof of Theorem l2.71al is eomplete. In¬ 
deed, the first form of hnHg^M*^) (■^) is established in Claim IVTl the seeond form in Claim 1731 
Theorem 12. 7 lail is a routine statement whieh is ineluded to set the meaning of the notation in 
the reader’s mind, Theorem l2.7laiil mavbe read direetly from Claim l73l and Theorem l2.7laiiil 
is established in Claim iTTl 

Proof. Expand (1 —5)® and observe that 


( 1 - 5 )® E (-1)8+1 (0+7-l)52y+2fl-f 


7<e-l 



The difference between the two formulations for hnHp(jy|[E)(5) is 



0+7-1)/ 


I?=20-f7<e-l 






= ' ^=28-f _ 

-fr-rY 



20+f—2/ 


g 


iCT) 


0+7-1)/ 


, t=s 7<e-l 
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(7.4.1) 


= 


+Ve = V)('TV‘^‘ 
+ ’e 


>. 2 .-, 

E t'-rV- 

i'=0—1 

The bottom two summands of (17.4.11) combine to form 


^=20-f 


Keep in mind that £ is equal to either or [|]. We split the top summand of (17.4.11) into 
two pieces and see that (17.4.11) is 


(7.4.2) 


0-1 


^ ) -X(E = , I' I (-1)'+'+' ('7-') '' 


= 


£=20-f;=e 

+ e' 


^=20-f 


The second and third summands of (17.4.21) add to zero because in the second summand if 
£< g —2, then i — 2g + f — 2j< —1 and = (*• Thus, the difference between the 

two formulations of for hn^ii^ME) ( 5 ) is 


(7.4.3) 


0-1 


I (-1)'^^ - ? G-20!i- 2;) eT') + 


^=20-f 


/. 


The constraint j < [I] — 1 in (17.4.31) is redundant because if [|l < j, then 


'-2g + f -27 < (fl- 1) -20 + f- (f-g) = -1 


and {g_ 2 g^f_ 2 j) = 0- It follows that 

0 

-2g-|-f—2y7 V j 


? (,-2.!,-22)('T‘)= r (2-2.!,-22)('T‘); 


2<r«i-i 

and this number is the coefficient of in 

(1 + y) 


jeZ 


(1—^2)0 (1—t)^ 


j=0 


This coefficient is ’ th® quantity in (17.4.31) is zero; and the proof is complete. □ 
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We used the identities (17.5.21) and (17.6.11) in the proof of Claims 17.11 and 17.31 We now 
prove these identities. Reeall that we often consider binomial coefficients with negative 
parameters and that ifTSl 1.1 and 1.2] contains a list of the elementary properties of these 
objects. In particular, we often use ifTSl 1.2.g], which says that if a, b, and c are integers, 
then 

(7.4.4) 0<a^ i;(-l)‘(Sf)© = (-l)“(4J- 

Lemma 7.5. If F, G, and J are integers with 0 < G < F and 0 <J <F, then 

(7.5.1) = ‘(-i)”(S:f:")(C"') 

m=J 

and 

(7.5.2) (-iL-‘(S:{)(/,) = r‘(-i)"(£3:3r-r')- 

m=0 

Proof. We first prove (17.5.11) . Let L(F, G,7) and R{F, G,J) represent the left and right sides 
of (17.5.11) . respectively. In other words. 


L{F,a,J) = {-\y(^-_\)(/_,) and 


m=J 


The proof is by induction. 

First consider 7 = 0 and 0 < G < F. Observe that L{F, G, 0) =0 and apply (17.4.41) to see 
that 

F-G+I 

R(F,G,0)= L 

m=0 




Thus, L(F, G, 0) = R{F, G, 0) for all F and G with 0 < G < F. 

Next consider G = 0 and 0 < 7 < F. Observe that L(F, 0,7) = 0. Apply (17.4.41) once again 
to see that 


F(F,0,7) 


E+l 

I 


m=J 




Thus, L(F, 0,7) = F(F, 0,7) for all F and 7 with 0 < 7 < F. 

Also, notice that if F + 1 < G + 7, then L(F, G,7) and F(F, G,7) are both zero. Indeed, 
0<F — 7<G—1 forces (gl'O = 0; hence L(F, G, 7) = 0. Also, F — G + 1 < 7; so the sum 
involved in F(F, G,7) is empty and F(F, G, 7) = 0. 

Now we consider the main case: 1 < 7, 1 < G, and G + 7 < F + 1. Observe that 

R{F,G,J) = J!(F-l.G-l,y-l) + (-l)''(J:])++‘) 

= L(f-l,G-l,/-l) + (-l)''(j:;|)(''+‘), byinduction, 
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One may now quickly verify that L(F, G, 1) = R{F,G,l) for all F and G with 0 <G <F and 
L{F, 1,7) = R{F, 1,7) for all F and 7 with 0 <J < F. Henceforth, we assume that 


(7.5.3) 


2 <7, 2<G, and G + 7<F + 1. 


The ambient hypotheses, together with hypotheses (17.5.31) . ensure that 

0<G-2<F-7, 0<7-2<F-l, 0<G-1<F-1, 0<7-l<F-G+l, 

0<G-l<F-7, 0<7-l<F 


and therefore, each of the relevant binomial coefficients (^) is equal to order to 

show that R{F, G, 7) = L(F, G, 7) it suffices to show 


(-iT''(£1)(K)+(- 


DTS:I)( 


f-G+l\ _ 
J-1 ) ~ 




In other words, it suffices to show 


(7.5.4) (S;|) = (g;3 (^:') + (S:f) (/,). 

The right side of (17.5.41) is 

(G-1)! {F-J-G+2 )! (J-l )! (F+1 -y)! (^ ^ ~ 1)(7 — 1)+F(F—7 —G + 2) 

^ (G-I)!(F-J-G+2)!(y-\)!(F+I-/)! ~ J + — 0+1) 

— /'F-IwF-G+D 
Vg-iA J-l T 

which is the left side of (17.5.41) . This completes the proof of (17.5.11) . 

Apply (17.4.41) to see that 


(7.5.5) "T‘(-i)"(Ar.) r-A)=(-iY-°"'(/A,)=0. 

m=0 

(The right-most equality in (17.5.51) holds since 0<F — 7<F — 7-1-1.) The formula (17.5.21) 
follows readily because, if F — G -I- 1 <7, then the right side of (17.5.21) is equal to the left 
side of (17.5.51) . and, if7<F — G-1-1, then (17.5.21) is obtained by subtracting (17.5.11) from 
(17331) . □ 


Lemma 7.6. Iff, g, and L are integers with 1 < 0 < f, then 


(7.6.1) 


(-l)»X(Z. = 0)x(2</)= ( 


f+(T)(( 7 ) 
- r ( 




■) 


f i(0+r-A 
2^+20-G [ £ J- 


Proof. The proof is by induction. The base cases are treated in Claims 173117.8117. 9 [ and 17. 101 


Claim 7.7. Lemma TT^ holds if q = \. 
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Proof. Let 0(L, f) be the right side of (17.6.11) . after g has been set equal to 1. In other words, 




E 

0<£<f~3 



max{Lfi}<^ 


Observe that 0(L, 1) =0 for all L. We complete the proof of Claim ITT] by showing that 
0(L, f) = —%(L = 0) for all f with 2 < f. 

A short calculation gives 


(7.7.1) 0(L, f + 1) = 0(L, f) + 0(L + 1, f) + [x(2 < f) - %(0 < L)] , 

for all f and L. Apply (17.7.11) . with f = 1, to conclude that 0(L,2) = —x(L = 0). For 2 < f, 
apply induction and (17.7.11) to see that 

0(L,f+l) = -x(L = 0)-x(L = -l) + [l-x(0<L)mi) 

- -X(L = 0)-x(L = -l) + %(L = -l) 

- -X(^ = 0)- 

The proof of Claim ITT is complete. □ 


Claim 7.8. Lemma TT^ holds ifL <0 — 2. 


Proof. In light of Claim 17771 we may assume that 2 < 0 . Let 

= (’-7) (71). 

B = L (■<■). “d 

L<f-0-2 


0, ifL< — 1, because =0, 

i-iy, ifL = o, 

0, if 1 < L < 0 — 2, because (^Z^) = 0; 


(—1)®X(L = 0) = A, whenL <0 —2. 



( 7 . 8 . 1 ) L<2-2^B = C. 

Notice that if L < 0 — 2, then the constraint f<f — 0 — 2is redundant in B and the constraint 
L — 0+1 <£is redundant in C. Indeed, if f — 0 — 1 < £, then 

f — 0+1 = 2 + (f — 0 — 1) < {q — L)+£ 

and = 0. In a similar manner, if £ < L — 0 , then 

£<L-q< -2 
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and = 0. When L<q — 2, then 

is equal to the eoeffieient of in (1 and 

is equal to the eoeffieient of in (1 +Y)f • The two eoeffieients are equal; 

(17.8.11) has been established, and the proof of Claim IT^ is eomplete. □ 

Claim 7.9. Lemma 1731 holds z/g = f. 

Proof. In light of Claims IT/Tl andit suffiees to assume that 1 < g — 1 < C. We show that 
A+5 + C = 0for 

The fact that 0 < g — 2 < L, ensures that = 0; and therefore, A = 0. The sum B is 
zero because the parameter (. in the binomial coefficient is negative. Suppose that 

the parameter £ makes a non-zero contribution to C. Then 0 < £ because of the binomial 
coefficient It follows that (. < 21. On the other hand, (. also satisfies L — g -f 1 < £ 

and 0 < L — g — 2f. Thus, 

L-g + 1 <£<2£<L-q, 

which is impossible, and C is zero. This completes the proof of Claim l7!9l □ 

Claim 7.10. Lemma TT^ holds z/f — 1 <L. 


Proof. The hypothesis 1 < 0 < f, combined with Claim IT/Tl allows us to assume that 2 < f. 
In this case, each of the constituent pieces of (17.6.11) is zero. It is clear that %(L = 0) and 
are both zero. The summand ( 0 -l+£) because. 


^< 1 - 0-2 


The summand ^ ( 

L- 0 +l<£ 


g — L-\- £ — 2 — L f. — 1 


f -0 

Q — L-\- £ 


= 0 . 


2 £+ 2 g-L) because, if L — g - 1 - 1 <£, then 


f+1 ^ (L+1)4-1 < (■^T0)T('^T0 — T) — 2f + 2g — L 


and (2^+23-/.) ^ completes the proof of Claim | 7 T 0 l 


□ 
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We now carry out the induction step in the proof of Lemma |7!61 We assume that (17.6.11) 
holds at and (f,g,L+ 1) and we prove that (17.6.11) holds at (f+ 1,0,L). In light of 

Claims 17771 17.8[ 17.9[ and 17. 101 we may assume that 

(7.10.1) 2 < 0 <f and 0 -l<L<f-l. 


Let 

e(f.i,.L= £ ^,j2iA.-L)CT 

To complete the proof, we must prove that 

(7‘)(i:i)+e(f+i.B.i) = o. 


)■ 


) and B = - £ ( 


L- 0 +l<£ 


2 e+ 2 s-L 


)CT')- 


(7.10.2) 

Write 0(f+ 1 , 0 ,L) =A + B for 

Observe that A = Ai +A 2 with 

A,= £ and a 2 = £ (;tL,)(»T‘) = (!d:;)(, 7 -.)- 

i<j-S-2 £=f-g-l 

Use Pascal’s identity to write A 1 = A\ + A" and B = 81+82 with 


A', = £ (,!iL)(’T‘). 


^<f- 0-2 


A'i = 


- £ U,A-,] (•+'), and S2 = - v 1 f 


Separate 82 = 82 + 82 with 


y ( f -0 ) ( 0 +^- 1 ) 

I (: 


L- 0 +I<^ 


K 2 e+ 2 s-L~ 


i)rr^ 


8 ' 


- I 

L~s+ 2 <e 


\2e+2s~L-l) \ £ J 


and 82 


Thus, we apply induction to see that 


- £ U 2 U+++) 

-(d,)(A+.)' 


the left side of (17.10.21) 


-('i*)((- 2 ) + 0 (f+ 1.9,i) 

= (7‘) + 2 ) + (A'l + A? + A 2 ) + (Si + + B'{) 
= ('!*) (71) + (A'l + Bi) + (A'l + sy + A2 + B'l 
“(70 ((-2) + 0(fi0A+1) +A2 + S2 



(7.10.3) =(+) ++ - (1+ {+) + ++)(++) - (+) (++ 

IfL = f—1 orL = f — 2, then = 0 and (17.10.31) is equal to 
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or 

([:S(r-2)+(f+i-»)(r4)-fa)=o. 

respectively. If g = f, then the constraint g — 1 <L<f—1 from (17.10.11) forces L = g — 1 ; 
and therefore, (17.10.31) is equal to 




We now evaluate (17.10.31) in the remainins cases. That is. we assume L<f-3,g<f-l, 
and the constraints of (17.10.11) are in effect. In this case, every binomial coefficient (^) which 
appears in (17.10.31) satisfies 0<b < a and may be evaluated as (^) = It follows that 

(17.10.31) is equal to 


__ 

(f-L-I)!(L+I)(fl-I)!(L-0+2)! 


(L+l)(g-l)(L-g + 2) 
-(f-L-2)(f-L-l)(g-l) 
+ (L+l)(f-g)(f-g+l) 


t-f(f-l)(L-g + 2), 


and this is zero. The proof of Lemma |7!6| is complete. 


□ 


Related techniques are used in ifTTll to give an explicit formula for the Hilbert Series of 
an algebra defined by a linearly presented, standard graded, residual intersection of a grade 
three Gorenstein ideal. 


8. Application to blowup algebras. 

Our original motivation for this paper was to find the defining equations for linearly pre¬ 
sented height three Gorenstein ideals. We conclude the paper by summarizing the relevant 
results of the present paper in the language of ifT^ . The integers f and g from the present 
paper become n and d in ffT^ . 

Data 8.1. Let A: be a field and let n and d be positive integers. Let cp be an n x n alternating 
matrix with linear entries from the polynomial ring R = k[xi,... ,Xd] and B be the dxn matrix 
with linear entries from T = k[T\, ..., r„] such that the matrix equation 

(8.1.1) [ri,...,r„] - 9 = [xi,...,Xd] B 

holds. 

Definition 8.2. Adopt Data 18.II We define a homogeneous ideal C((p) in T. Consider the 
{n + d) X {n-\-d) alternating matrix 


with entries in the polynomial ring k[x \,..., Ti,..., r„]. Let be the matrix which is 
obtained from ® by deleting the final row and column. View the Pfaffian Pf(<B') of as a 
polynomial in r[xi,... ^Xd] and let C((p) = cr(Pf(‘8')) be the content of Pf(*B'). 






















58 


ANDREW R. KUSTIN, CLAUDIA POLINI, AND BERND ULRICH 


Remarks. Retain the notation of Definition 18■2[ 

(a) If R + J is even then C((p) = 0. 

(b) The ideal C((p) of T is generated by homogeneous forms of degree d — l. 


Theorem 8.3. Adopt Data \&.\\ with 3 < d < n and n odd. If n — d < grade7^(5), then the 
following statements hold. 

(a) The unmixed part ofId{B) is equal to = Id{B) +C((p). 

(b) The multiplicity ofTis 

V { n - f / 2 \ /„ _ 2 _ 2/\ 
ho \n-d-2i)' 


(e) The ring Tis Cohen-Macaulay on the punctured spectrum and 


{ 1, ifdisodd, 

2, ifd is even and d + 3 <n, and 
R — 1, ifd + 1 = R. 


(d) If d is odd, then the ideal Id{B) is unmixed; furthermore, Id{B) has a linear minimal 
resolution and reg(r /Id{B)) = d. 

(e) The Hilbert series ofT //^(R)™™ is 




E 

j<\^ 


(d+j^^2j+2d-iy 


Remark. The conelusions of assertion dd]) do not hold when d is even: the ideal Id{B) is 
mixed and the minimal resolution of 7^/(5)“™ is not linear; see for example, (I4.4.5I) . 


Proof. We begin working in the polynomial ring S = k[x\,... ,Xd, Ti,..., r„]. Write cp as 
E£=i where cpi,..., are nxn alternating matrices with entries from the field k. Ob¬ 
serve that the equation (18.1.11) gives rise to 


(8.3.1) [xi,... ,xd]B = [ri,...,r„](p= [ri,...,r„](xi(pi H- vxd^d) 



>1,. 


[xi,...,Xd] 



[^1,. 

■ 1 TfijtPd 


The entries of B and the entries of the final matrix in the previous display are linear forms 
from the polynomial ring T = k[Ti ,..., r„]; and therefore the equation (18.3.11) can occur only 
if 


B = 


[ri,...,r„](pi 


[Tl,...,Tn]^d 


(8.3.2) 
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In Other words, the entry of B in row a and eolurnn b is 


(8.3.3) = 

i 

for all a and b. 

Now we work in the polynomial ring T = k[Ti ,..., r„] and we eonvert the data of 18. II into 
Data 12.11 Let F and G be free T -modules with bases ei,..., and hi,...,hd, respeetively; 
and let e*,..., e* and h\,... the eorresponding dual bases for F* and G*, respeetively. 
Define 

x:F^T and iu:G*^/\^F 


by 


x{ei) = Ti and n{h}) = ^ Fcj. 

I<I< j<n 


Notiee that 


'i(hl) = xMh-i))= £ (<p,)yT(eiA^,)= £ {^i)ij{T,ei-Tiei) 

n 

l<ij<n 7=1 

where the final equality is due to (18.3.31) . Therefore, is the matrix for 'T, with respeet to 
the ehosen bases. It follows that = Id{B) and both hypothesis of 12.21 are satisfied and 
we may apply the results of the present paper. Assertion 10) is Theorem I2.7laiii[ The fact 
that T / (7^(5)is Cohen-Macaulay on the punctured spectrum is contained in Remark lb/Tl 
Theorem l2.5 Idl gives the projective dimension of T/(7^(5))“™ as a T-module; and hence the 
depth of r/(7^(5))™" by way of the Auslander-Buchsbaum formula. Both assertions in (jc]) 
have been established. Assertion dd]) is Theorem 12. 5>el and Theorem 12. 7 Ibi and assertion (je]) 
is Theorem l2.7tal 

Now we prove (tH). Theorem [23| g| shows that 7^(B)™™ = ld{B) -f C, for C from (12.3.51) . We 
prove that the T -ideals £ and C((p) are equal. If Z is a free T -module of rank one and z &Z, 
then let o{z) represent the annihilator of Z/(z). According to (12.3.41) . the T -ideal £ of (12.3.51) 
is generated by 

(8.3.4) A • • ■ A A A... A )) } 

where u\-\ - \-Ud = and 1 < Ud- 


(Actually (12.3.41) treats 1 as the distinguished index and we have treated d as the distinguished 
index. This switch makes no difference, only a sign is changed and even the sign change 
disappears as soon as we look at the order ideal.) 
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The homomorphism'T : G* —)■ F, with — E/=i for 1 < f < J, is naturally the 
same as the element 


(8.3.5) ^ e F ®G, 

l<i<n 

\<l<d 

whieh we call Let G' represent the submodule 0^= / T of G, G'* represent the submod¬ 
ule Th'l of G*, 'L': G'* —F represent the restriction of'L : G* —F to G'*, and ^ be 
the element of F ® G' which corresponds to 'L': G'* —)■ F. Notice that is the alternating 
matrix which is associated to the element 

d 

d> = + ^ + 0 G 5®r (^ ® (^ «) G') © G') = 5® G')■ 

e=i 

So ) = Pf(Q3') ■ (0, where co is a basis element of S 0r © G'). In other 

words, 

(8.3.6) o(d>('^)) = (Pf(5B')). 


The r-th divided power of d> is given by 

/\ ( 
e=i 


<!>*'* = (E-wW)+a:l =E a(£)<"> 

r p 

A'^'FA/\’-\F®G' 


1=0 


hence, rank considerations yield 

d 


(n-\-d— \ \ 

(8.3.7) = 




?=I 


' n+d —\ > 


d . / n-d +\ ' 

i=\ 


A(^)(^-i) 


ES®t F a ® G') 

= s®T K'^‘^~\f®g'). 

Combine (18.3.61) and (18.3.71) . use the rules of divided powers, and use the fact that if M is a 
square matrix, then 


Pf 


0 

M 

-M' 

0 


= detM, 


to see that 
(Pf(S')) 


=o 


t=\ 


(n—d+\ '■ 




E A '- A - A (/.(AJ))'"'' A (A"*-' 'P')(A; a ■ ■ ■ a AJ.i) 


U\-\ - \~^d~ ^ 2^^ 


=0 
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If Ud = 0, then 


A A... amaj_,))<“--'> A(A‘'-''i'')(A5A...A*3_i)) 

= 0 . 

So, (Pf(Q3')) is equal to 

ajH- 

l<Ud 

The ideal C((p) of Definition 18.21 is the eontent of Pf(Q3'), when Pf(Q3') is viewed as an 
element of r[Yi,... ,Xd\', henee, C((p) is the T -ideal generated by 


A • • • A A A ■ ■ ■ A/i; 


* ' 

d-L 


L£=i 
1 < Ud 


n—d+1 


A quick comparison with (18.3.41) shows that C = C((p). The proof is complete. 


□ 
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